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COMMENDATIONS 



OF 



THOMSON'S LEGENDRE'S GEOMETRY. 



From Sillimaii'a Journal of Science and Arts. 
This voltnne is one of the series of Day and Thomson*s Elementary Course of Matk- 
tmaticsfor Schools and Academies, of which the Algebra is already published, and 
has been received with well-merited approbation. The present work is derived from 
a treatise of the highest reputation, and retains the spirit and character of its original, 
while at the same time it is well accommodated to the wants of younger students. Mr. 
Thomson has performed his task with judgment and skill, and we can safely recom- 
mend tiie work as the best within our knowledge for the class of scholars for which it 
is intMided. 

From B. A. Oould, A. B., Principal of Roxbury Latin School, Mass. 

Mr. James B. Thomson — ^Dear Sir, — ^I have carefully examined your edition of Legen- 
dre's Geometry ; and it gives me pleasure to say, that 1 consider it well suited to the 
wants of our common Schools and Academies. We have needed a treatise on Geom- 
etry adapted to the capacity of the young, and which would, at the same time, give 
the learner an insight into all the elementary principles of both Plane and Solid 
Geometry. Tbis deficiency I tliink your edition of Legendre happily sumdies, *nd I 
should be highly gratified to see it generally introduced into our schools. Many of your 
^finitions strike me as peculiarly hapmr. 

Eespectmlly, Your obedient, servant, 

Boxbury Latin School, Aug. 8, 1844. BENJ. A. GOULD, Jr. 

From L. Sprague Parsons, A. M., Principal of Albany Select Family ^School. 

Dear fflr^-I have examined your " Elements of Geometry" with care, and am so 
well pleased with it that I shall embrace the earliest opportunity of introducing it 
into my sc^iool. The mode of reasoning from particulars to generals seems to me to 
be a great improvement ; and your plan of veiifying the principles of proportion by 
numbers is equally feUeitous. It divests that subject at (mce of its intricacy, and 
presents i% practically to the mind of the learner. 

If this work and your edition of Day's Algebra are a fair sample of your " Elemen- 
tary course of Mathematics** <^ which they form a part, you will on its completion, 
have performed a very seasonable and valuable service to the^ause of edocation. 

Albany Aug., 9th, 1844. Yours, truly, L.SPBA6UE FABS0II8. 
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From Rev. E. Perkins, Late Principal of Ncwbwgh Academy, N. Y. 

I have examined with attention the plan and execution of "Thomson's Legendre's 
Geometry," and am prepared to give to the work, my unqualified approbation. While . 
it is so plain as to be intelligible to every one who has sufficient maturity of mind for 
the subject, it is sufficiently comprehensive for the practical uses of Geometry. It 
cannot fall of being acceptable to a very large class of our teachers, many of whom, 
I know, have long felt the want of just such a treatise on the subject The mode of 
reasoning, or the process of demonstration which has been adopted, is the correct one. 
It begins with particulars, and ends with generalizations^ This is the natural process. 

New Haven, Aug. 8th, 1844. EDGAB PERKINS. 

From H. W. Famsworth, A. M., Principal of New London Academy, Ct. 

Having examined Thomson's Legendre's Geometry as carefully as other duties will 
allow, I am convinced that it is the best Text book for academies with which I am 
acquainted, and shall introduce it into the academy under my charge. 

New London, Aug. 8th, 1844. H. W. FARNSWORTH. 

From Daniel French^ A. M., Principal of Waltham High School, Mass. 

Waltham, Sept. 30, 1844. 
Dear Sir,— I have perused your edition of Legendre's Geometry, and am free to say, 
that I know of no elementary work to be compared to it. I think the main reason 
why Geometry has not been more extensively studied in our schools, has been owing 
to the want of suitable elementary works. *' There is no exercise better fitted to de- 
velope the powers of thought, tastrengthen the intellect, and to make sound reasoners, 
than Geometry.'* I hope and believe that your work will be extensively introduced. 
Very truly yours, DANIEL FRENCH. 

From Z>. t). T. JiTLaughlin, A. M., Late Principal of a Classical School, N. Y. City. 

Mr. James B. Thomson— Dear Sir,— The friends of education throughout onr country, 
must feel themselves under no small obligations to you, for your edition of Legendre's 
Geometry. It supplies a deficiency in our list of good school books. T^e, there have 
been Geometries published for schools, but they have been either too abstruscy or too 
simple ; rising altogether above the comprehension of the young pupil, or else falling 
80 low as to fail of the object, which should be prominently before the mind of every 
teacher of mathematics— the formation of a habit of rigorous investigation. We do 
not want in such a work, conclusions without processes of reasoning. 

I am. Sir, &c., D. D. TOMPKINS M'LAUGHLIN. 

New York, Oct 22, 1844. 

From 5. Metcalfj A. M., Principal of Kinderhook Academy, N. Y. 

J. B. ThOTnson, Esq.— In my opinion, your edition of Legendre is weU calculated to 
interest the youthful mind in the beautirul science of Geometry. 

While you have dispensed with much of the rubbish of antique t^hraseology, with 
which " Euclid's Elements** are encumbered; the rigor and precision of the (original 
have been admirably preserved. 

The distinctive feature of yotur Legendre, I conceive to be the deduction in each 
Proposition of a /•eTOero/2''^"'*^*i''* from a j»ar ticti/ar/oct enunciated; tMs must be re- 
garded by every intelligent mind, as a decided improvement upon the original. But 
the crowning excellence of the work appears to be the luoid&ni intdtigible presentatioa 
of " the Doctrine of Ratio and Proportion," in the place of Euclid's fifth book. 

Respectfully youn, ' S. METCALF. 

Kinderhook Aoademy, Oct 29th, 1844. 

From J. Edwards, A. M., Principal of Cony Female Academy, and /. & WaUis, 
A. M., Principal oi Augusta Classical School, Augusta, Mune. 

Mr. J. B. Thomson— Sir,— I have examined Thomson's Day's Algebra, and Lesendre*ti 
Geometry, and take pleastire in statirig that the alterations, the omissions, and additions, 
which are made in them, are, as It seems to me, such as adapt the original works to the 
capacities of the young, and make them more useful in our schools and academies. 

Augusta, Me., Nov. 1, 1844. . • - — JONATHAN EDWARDS. 

I folly concur in the views of My^4w|r(K\/ ^ n qJ^AN S. WALLIS. 

[university] 

■ i .' [: P. 'i !i.Y 
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Prom D. P. Pagey Etq.y Principal of Eng. High School, Newburyport, Mass. • 
J. B. Thomson, Esq.— Dear Sir,— I have derived much pleasure from a perusal of 



your editlqp of Legendre's Geometry, prepared with reference to its being made an 
elementary branch of instruction in our schools. T consider your mode of enunciating 
the propositions specifically at first, and from the demoniitration deducing the general 



con^sion, which is distinctly stated at the end, to be one of great excellence. I hope 
yoor l^KNT in this department as well as in others, may meet with a reward couunensu- 
rate witii the jadgm«nt anA* ability with which you have performedit. 

Very truly yours, D. P. PAGE. 

Newburyport, Nor. 4, 1844. 

From A. JVors4, A. M., Principal of Nantucket High School. 

Mr. J. B. "Hiomson — ^Dear Sir, — I have examined with care, your editlon'of legendre's 
Geometry, and Heel a confidence in saying, that it unites in an eminent degree, strictness 
of demonsUratioa with great clearness and simplicity, it preKents the science to the 
Undwstaninigs of young scholars in a. more intelligible manner than any other treatise 
with which I am acquainted. Respectfuly yours, 

Nantudiet, Dec. 34, 1844. A. MORSE. 

From E. Cooper, A. M., Principal of Waterloo Academy, N. Y. 
James B. Thomson, Esq.— Dear Sir,— I have given your " Abridgment of Day's Al- 

Sebra," and your "Elements of Geometry," a protracted and thorough examination. 
ly opinion of the merits of each worlc, is best and most pertinently expressed in their 
preference as Text Books for use in this Institution. They were both introduced at the 
commencement of theu current term, and I am pleased to add, have been found well 
adapted to an elementary course of mathematics. 

Respectfully yours, fcc. EDWARD COOPER. 

Waterloo Academy, Dec. 20, 1844. 

P. 8. At a convention of superintendants of schools, teachers, and friends of edu- 
cation, Thomson's Day's Algebra and Thomson's Legendre's Geometry were adopted 
as Text Books for the schools In Seneca County. E. COOPER, Pres. 

H. L. Hewitt, Cor. Sec. Jan. 2, 1845. 

From & W. dark, A. M., Principal of Munro Academy, N. Y. 

** Thomson's Day's Algebra,'*^ and " Thomson's Legendre's Geometry," are adopted 
as Text Books in this Institution. Having used the former for the last year and a half, 
I am prepared to say. It Is admirably adapted to the wants of our students in Algebra — 
better, T think, than any other work of the kind with which I am acquainted. 

The latter presents the truths of Geometry In a concise, logical, and peculiarly nat- 
ural form, and \» equally well adapted to the wants of schools and academies. In 
Geometry, as in other sciences, general principles should be deduced from particular 
facts. This is the manner they are presented in Thomson's "Elements." The im- 
provements on the original are numerous and important, and the wurk can not fail to 
secure die cwdial approbation both of teachers and scholars. We are anxious to see 
Day and ITiomson's Elementary Series of Mathematical works completed. 

Mnnro Academy, Elbridge, Jan. 1, 1845. S. . W. CLARK. 

From 5. Cnmminga, A. M., Principal of Keene Academy, N. H. 
- I have examined Thonfton's Legendre's Geometry with great satisfaction. It con- 
taint all the important principles of Geometry, while it combines the rare merits of 
simplicity and faUness of illustration so eminently desiral)le in all text books for 
schools. Ntor do its merits stop here. I am too anient an admirer of the " Inductive 
method of Reasoning," wherever found, not to believe that it may be of eminent 
service to the cause of education in the manner it is here employed in demonstrating 
the propositions of Geometry. But not to particularize farther, where excellences 
multiply upon my hands the flarther I proceed. I have no hesiiency in saying that I 
consider this work highly worthy of public patronage, and admirably adapted to the 
capacity of that class of students for Whom it Was designed. 
K^ne, N. H., D©c. 35, 1844. SBWECA CUMMINGS. 
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From JET. S. RamiaU, A. M.^ County Snperiiitendaiit of Cortland Co., K. T. 

My dear Sir,— I have examined with considerahle care your elements of Geometry, 

^ased on Dr. Brewster's Legendre, and am happy to say, that in condensation and 

simplification, I think it fully eqnals your Abridgment of Day's Alcelura. As Text 

Books in our common schools, I regard them both as superior to any ottier wota on the 

same subject, with which I am conversant. 

Very respectfully, your ob't. servant, BBNBT B. KANDALL. 

Cortland Ville, Jan. 6, 1845. 

From C. L. Curtiss, Esq., Wayne Co., N. Y. 

I have examined *' Thomson's Legendre," and it affords me pleasure to say that its 
mode of reasoning ftom " {Murticulars to generals," its peripicnity, and its notes and 
Ulnstrations, render the work worthy of a place among the Text Books of onr comnHm- 
8cho<^s and academies. Thomson's Day's Algebra wM adopted as a Text Book for 
our schocrfs, by the Connty Convention, last Autumn. 

Sodus, N. y., Jan. IB, 1845. C, L. CURTISS. 

From O. Carlton, A, M., Prin. of Latin High School, Salem, Blass. 
Mr. J. B. Thomson— Pear Sir,— I have pemsed, with care, your elements of Geoni' 
etrv, and I am very much pleased with the work. It is methodical, simple, and clear ; 
and possesses some peculiar advantages over any other Geometry within my knowledge. 
If It meet with that encouragement which its merits deserve, I am sure it will soon be 
extensively used in our high schols and academies. 

I am sincerely yours, O. CARLTON. 

Salem, Mass., Jan. 13, 1845. 

From jL Critteatonj A. M., Principal of Albany Female Academy, and j9. Watson^ 
A. M., Professor of Mathematics. 

I have examined with some attention, the elements of Geometry, by Prof.'Thomscm 
of New Haven. The same judicious retrenchments and needful additions— the same 
simplicity, clearness, and ccmciseness which so remarkably characterize the author's 
edition of Day's Algebra, are all fully exemplified in this new " Geometry." Although 
reduced to half the size, and about half the price of the ordinary editions of Legendre, 
it not only retains almost all that is viduable in the original, in a iana frequently more 
easy and intelligible, yet uniformly in accordance with rigid induction— 1)ut contains in 
addition; a book on ratio and proportion, in which the subject is most happily treated, 
and the tru& of each proposition is illustrated after demonstration, by numerical quanti- 
ties. The work cannot fail to secure, what it richly merits, a most extensive patroaage. 

Albany Female Academy, Jan. U, 1845. A. WATSON. 

I cordially concur in Professor Watson's opinion. A. CRITTBNTON. 

. From S, D. Carr, Esq. Principal of Groton Academy, N. Y. 

Dear Sir, — ^In my opinion, the highest commendation a teacher can give to a partic- 
ular Text Book, is the fact that he adopts it in his school. I have the pleasure to 
inform you, that "Thomson's Day's Algebra," and " Thomson's Lcgendre's Geometry," 
are both adopted iif this Institution. In your edition of Day, I find iminrovements which 
I had long desired to see, and I deem it the best elementary work on that subject, with 
which I am acquaint^. I am satisfied you have also done fin Legendre, what yon 
accomplished for Day — improved it. I regard the improvements you have made on 
the ori^nal, as important. They are calculated to accelerate the progress of the pupil, 
and to give him a more thorough knowledge of this important science. 

Very respectfully yours,- S. D. CAB£. 

Groton, N.Y., Feb. 10, 1845. 

From ^. R. Wdd, A. M., Principal of North Yarmouth Classical Academy, Maine. 

Dear Sir,— After a carefid examination of your edition of Legendre, it has been intro- 
duced as a text book in this Institution. Without specifying its merits, this fkct is 
BOfficieBct evidence that we hold the work in high estimatton. I have no doubt it te the 
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best work oftlM kfaid for high schools and aeademi6«,aii4 prMwne It wiU be ffSBorally 
introduced in this State, when its merits are known. 

Yours lespectfoUy, A. H. WELD. 

North Yarmouth, Me., Feb. 7th, 1845. ^^ 

From Om. Woois, A. B.Frin. oC.Sag. Depart of NbMh Yarmouth Acadeoay, Me. 

Mr. Thomson— Dear Str,— I have carefully examined your elements of Geometry, 
and find the seleetiOB of propositions excelleat, and the demonstrations lucid and 
rigorous. The Illustrations hi the section on Batio and Proportion, will much assist 
the student To students who do not intend to pursue an extensive ooorse of mathe- 
matics, it is decidedly the best work with which I am acquainted. We have adopted 
it in our Academy. YourS, respectfully. 

North Yarmouth, Me., Feb. 6, 1844* GEORGE WCtoDS. 

From I. E, Hull, Etq., Principal of Auburn Lyceum, N. Y. 

The supMlor excellence of Thomson's edition of Day's Algebra, induced me early 
to examine his Legendre's Geometry. I have introduced it into the Lyceum. I am 
much pleased with the conciseness and clearness of demcmstration, with the plan of 
arriving at general conclusions ftom the demonstrations of particulars, and especially 
with the plain illustrations of the principles of proportion, in which the tedioueness 
of Euclid has been avoided by introducing such propositions only as are of practical 
utility, and by verifying them by numbers. The work is well planned and well calcu- 
lated to faciltate students in the knowledge of elementary Geometry. 

Auburn, N. Y., Feb. 15i 1845. ISAAC E. HULL. 

From C. C. Bay/ey, A. M., Principal of Manlius Academy, N. Y. 

Dear Sir,— I have compued your Geometry with Legendre's, which is here in use, and 
find many decided improvements. The reduced price at which it can be afforded, 
contahiing as it does, all of the larger work which has been here studied, with very 
lew exceptions, would be of itself a sufiicient reason for its introduction. I shall intro- 
duce it when the next class is formed. 

I have now my second class in your edition of Day's Algebra, and like it better the 
more I use it. In general I am no great firiend to abridgments in Text Books, but yours, 
to use an expression which occurred in Uie class relative to it, ** is abridged ihe other 
wa/yy Yours respectfully, 

Manlius, N. Y., Feb. 11, 1845. CALVIN C. BAYLBY. 

From O. B. Olendiningt A. M., Principal of Cayuga Academy ; Hon. Salem TVim, A. 

M., of Aurora, and £. O. Storke^ Egq.^ County Superintendant of Ca3ruga Co., N. Y. 

Dear Sir,— A thorough examinattcm of your ** Elements of Geometry," has convinced 
me that it wiU well answer the purpose for which it was designed. I like its arrange- 
ment and simplification, and doubt not that it will be readily adopted by our schools and 
academies, as it c<mtains every thing necessary fw students, and prepares them better 
for a collegiate course of study. It pleases me more particularly, because it is evident- 
ly the work of a ^roctt'coi man, one who has been a teacher, one who knows experimen- 
tally the wants and thedifficulties of a teacher, and one who is enabled by the exercise 
of more than ordinary taste, talents, and attainments, to remove some of the stumbling 
blocks, and Smoothe the path for others. Yours, very truix, 

Aurora, N. Y., Feb. 34, 1845. GEORQE B. 6LENDINING. 

We fully cencnx in the above. S. TOWN. 

E. G. STORKE. 

From Rev. O. R. Ruid, A.M., Principal of Auburn Female Seminary, and IWm. Hop- 
kinsj A. M., Prin. of Auburn Academy, N. Y. 

Jlubum, JV. r., April 4, 1845. 
Mr. J. B. Thomson— Dear Sir,- In giving a new edition of te^ndre's Geometry to 
the public, I think you have rendered a valuable service to the cause of education. 

The changes and additions, while they appear in themselves decided improvements, 
exhibit with increased perspicuity, the excellences of the original work. Yonr revi- 
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iHcin dCit AeenM f&^vMtit ot its severe And repalslve fefttores, and present it tn & fofte 
at once attractive and better adapted to the eomprebension of tfafi youflifiil ndnd than 
aoir other work, of the kind with which I am acquainted. 

Respectfuily yours, GEO. E. RUDD« 

I very cordially concor in the abdve statements. WM. B0PKIN8. 

From D. Oroaly, A. M., Prin. of Nashua LHerary Institute, N. H. 

I have examined Thomson^s Legendre's Geometry, and find my anticipations fully 
realized.. In my judgment it is a very valuable producti<m, and is admiraidy adapted to 
the wants of schools and academies. ' 

I have used Thomson's Day's Algebra with gveat satisfa^MioB. For beginners I 
regard them both far preferable to the (Aiglnal works. 

Nashua, N. H., April 16, 1845. DAVID CROSBY. 

From E. Hosmer, A. M., fjincipal of Moravia Institute, N. Y. 

Mr. Thomson—Dear Sir,— I have given your edition of Legwidre's Geometry a 
thorough examination, and I will only add, tnat I am so well pleased with the work 
that I have adopted it as a Text Book in my school. Yours ^uly, 

Moravia, May H1S451 £. HQSME&. 

Fronj S. W. Pope, Principal of Millville Academy, N. Y. 

I have given Thomson's Legendre a critical examination,^ and I feel moch pleased 
with the work. The time seems to be aj^Nroaching when a knowledge oi the prin- 
ciples of Geometry will be considered essential to every educated person, whether 
male or female. But a text-book has been needed which should contain the most 
Important propositions of Geometry, clearly demonstrated, in a simple and concise 
manner. The above named work by J. B. Thomson, A. M., is well calculated to 
supply this deficiency in our catalogue of text-booira. The plan of stating and 
demonstrating the propositions with respect to a particular diagram, and then de- 
ducing the general principle, adapts it particularly to the capacities of all. The book of 
proportions is made plain and practical by verifying the propositions with numbers. 
The work contains all that most students need and no more ; and is Iwought within the 
reach of all who desiise to obtain an education. I intend to introduce it into Mill- 
ville Academy as soon as practicable. S. W. POPE. 

Millville, July 9, 1845. 

OPINIONS OF THE PRESS. 

We have one fault to find with the author of this work in the outset ; and that Is, 
4ie claims too little for himself. It was very pithily and very correctly remarked by the 
Cardinal du Perron, that " the happy application of a verse from Vir^ was worth a 
talent," and we«annot well see why the elucidation of the general truths and principles 
laid down in the pages of Legendre, improved as they have been in the bands of Mr. 
^omson, shoulanot confer as much honor upon the latter, as the world has conceded 
to the former.. With the contents of this volume we confisss ourselves highlv pleased. 
It has been the author's aim to present a treatise adapted to the wants of those com- 
mencbig the study of Geometry. He has also in this work corrected an omission of 
Legendre. While the latter stops short with the demonstration of a particular propo- 
sition, the former in aft cases goes on and deduces the general truth or principle , This 
mode of inductive reasoning is altogether the' best fitted for the comprehension of 
beginners ; it is, therefore, exceedingly gratifying to see Mr, Thomson tiddly adhering 
to it in the series of matheipatical works he isjcngage^ in preparing for the press- 

His edition of Day's Algebra has been adopted in most of the higher schools and 
academies in this section of the country, and we predict for the present wock annual 
degree of popularity. — Cayuga Tocairu 

We regard this as a great ImproyeHient avet any book on the tnme sut^ect which 
we have met with in our schools. From the demonstration of the particular case, the 
editor has deduced the general principle. This is an improvement on the former 
editions. The pupU is thus tuught toTeason from particulare to generals, which is the 
true and rational mode. The principles of proportion, after being demonstrated with 
regard to magnitudes in geneial, are verified by numbers. This at once divests th« 
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sal^t firom intKicacy, s&d gives it a praetleal bearing: The fimUUar notes aad rfliM- 
trations at the end of the volume and oecasionally interspersed through the Work, 
together with the suggestions on the mode of studying and teaching Geometry are 
▼aluable,— ^. r. Tribune, 

This tMatlae seems to IteTe been piepared with great eare and judgment, and forms 
part of a series of elementary mHthematical worira by Pren* Day, and Mr. Thomson, 
which have attained great popularity,— A*. Y. Evening Post, 

Mr. Thomson is fk^arably known to the public as the author of an excellent abridg- 
ment of Day's Algebra. In selecting Legendre's Geometry, he has taken the best 
school-boeJc of the Idnd, and endeavored to bring it wiHrin the capacity of beginners, 
and at the seme time preserve the genitts of the <Nriginfil« Euclid, it is conceded, is un- 
necessarily difficult-'ln some of its parts, and in the Imok on Proportions inordinately 
obscure and dry. L^endre omitted the doctrine of ratio and proportion. In supplying 
this omission, the editor of tlte. present volume has very judiciously adopted algebraic 
notation, and ^wsented the subject in a simple and logical manner. Several pages of 
notes, appended to the wotk^ form very apt illustrations of the subject, and will 
prove of ^eat benefit to the student in giving him a clear and wide f;urvey of the 
ground. The volume is the best elementary class book in Geometry we have yet seen, 
and its oMny merits must insure its speedy Introduction into our schools and academies, 

JV. r. Svawgelist. 

Not long Mnee the editor of this W(Nrk presented the public with an abridgment of 
Day's Algebra, which was favorably received. Another valuable specimen of his 
industry and sidll is now brought to view, in the " Elements of Geometry.^* In it we 
have satisfactory proof of his talents and attainments in this department of science ; 
while his experience as an instructor has enabled him to detect what is objectionable in 
old authors, it has greatly facilitated the task of improving upon them, thus simplifying 
this interesting and usetnl brazkch of education, and adapting it to the capacity of 
learners.— CAWstian Intelligencer. 

"Legendre is called the first Geometer of Europe.** The extensive circulation of 
his Geometry in France and on the Ckmtinent, as well as in England and this country^ 
is abundant evidence of the value of the wcnrk. His method of demonstration is rig- 
orous, yet simple, lucid, and easily understood by beginners. The notes and Illustra- 
tions, with the other improvements by the editor, cannot fttil to adapt the work to the 
wants and capacities of leamera better than any former edition. Mr. Thomson's ability 
and skill in preparing books for the young is fully evinced in the abridgment of Day's 
Algebra, several large editions of which have been called for In less than a year flroro 
its publication. This work forms one of a series of elementary mathematical works 
iRnr schools and academies in comrse of preparation by President Day and Bfr. Thomson. 
We are ^ad to see men of high attainments and practical experience In teaching, make 
their knowledge available to the young as well as to the more advanced student We 
heartily commend this Geometry to the attention of teachers— we think they will find 
It just the book they want. — J^ew Haven Omrier. 

This volimie is one of a series of elementary books, designed for the use of schools 
and academies, by Jeren)iah Day and James B. Thomson, both of them gentlemen 
eminently qualified for the duty they have performed. Legendre is simplified and 
made eai^ by the pracQcal principles. We commend the work to oar schools. 

JV. Y. Express. 

We recognize in the author of this work an old college friend and classmate, whose 
ma^eiaadcal powen used to be our admiration and envy, in those trying times when 
we were t^led to pass that fonnidable ordeai-^Omte Seetiona—wYaew extemporizing 
was quite out of the question. We are glad to sec such men addressing themselves 
to the task of pveparing and perfecting setentific Text Books for the use of our higher 
schools and aotdemies. 

TUe pvesent work—" Ehments qf Geometry^* — ftmns one of a series of mathematical 
WOTks, in the preparation of which Mr. Thomson is associated with Preddent Day of 
Tale C<dlege.— The first nmnber in the series was an abridgment of Day's Algebra, 
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pQbllslied abont one year teo, and of which four large editiofus have already been 
called (or. From the plan and manifest improvements of the work before us^ we have 
no doubt that it will at oQce take precedence of any other now in use in our schools 
and academies. There aie many notes and suggestions in the vroA which will be 
found important to the learner. 

The iinportanee o( th« study of Geometry, ioritB inlluence on ibe mind, in strength- 
ening and disciplining its reasoning powers, can hardly be overrated, and We cannot 
withhold an expression of oui earnest wish that the present work may win its way 
into hundreds and thousands of schools where $uch a book as a Geometry has been 
hitherto unknown. — J^orwicA Courier. 

This work, which forms one of the series nf fm elementary cemse by Day & Thom- 
son, is adiuirttbly adapted to the use of schtiols and academies. The arrangement 
adopted by the editor, p-eatly facilitates the comprehension of the subject by the 
learner, without diminishing auj.'ht of discipline and-vigor to thenjind. — JV*. Y. Observer. 

Wc have examined with some attention the improvements which have been made in 
this work, on Euclid's manner of teaching Geometry, and are decided in the conviction 
that they are real improvements. And whatcxer tends to convey to -the mind of the 
pupil a more clear, distinct, and rememl>ert d im(nression of the princi^es of this 
unportant science, must be a srcat public benclit — A*. E. Puritan. '. 

We regard this as an improvement over any work we have seen on the same 
subject. From the demonstration of a particular case the author deduces the general 
conclusion. The principles of propwtion, after being demonstrated in reference to 
magnitude are applied to numbers.— JVbrtA^m Adeocate. 

This valuable work is one of the series of Day & Thomson*s elementarv eourse of 
mathematics, for schools and academies. It is beautifully printed on good paper, and 
bound in a substantial style, exhibiting a fine specimen of what the workmanship of 
Text Books ought to be. — But its most distinguishing merits will be seen in the re- 
sults of the attention, study, and judgment of the author, in preparing a work adapted in 
all respects, to the most approved modes of instruction in our best schools and academies. 
The spirit and character of Legendre, who has been called " the first geometer of 
Europe," are admirably preserved. The important {vinciples of ratio and proportion, 
which do not appear in the original, are supi^led and presented in logical- order : nu- 
merous other changes and additions are introduced— such as simplify the more complex 
and difiicult parts of the science, and render it intelligible and inviting to the young. 
We commend the work to the attention of the principals and teachers of ourschools 
and academies.— CArMtton Observer. 

"Elements of Geometry, on the basis of Dr. Brewster's Legendre," constitutes the 
Ibturth work of Day and Thomson's series. Those who are fully competent to judge, say 
the additions and improvements in this work are very valuable, and greatly facilitate 
the progress of the pupil, in comprehending this highly useful science. 

♦* The elements of Algebra," by the same author, has already paised into the fifth 
edition, which fact, of itself, is strong evidence of the adaptation of the work to the 
purpose for which it is designed.— Professors Olmsted and SUliman, and other eminent 
persons, bear testknony to the high character of this work ; and their approbation is 
sufficient guarantee that it has been carefully and scientifically prepared. 

The above works are being introduced into many of the highest schools in this 
eonntry.-^JSTantticket Inquirer. i 

This is one of the many school books continually comhig from the press, and one of 
the few to which we can give our unqualified appfc^tion. Geometry is a valuable 
study— perhaps we ought to say,— invaluable, and this wcark la a most Lucid and beau- 
tifhl guide. We say to Mr. Thomson, maUe virtue .'-'Muaaehusetts Eagle. 
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PREFACE. 



Public opinion has pronounced the study of Algebra to be 
a desirable and important branch of popular education. This 
decision is one of the clearest proofs of an onward and sub- 
stantial progress in the cause of intellectual improvement in 
our country. A knowledge of algebra may not indeed be 
regarded as strictly necessary to the discharge of the common 
duties of life ; nevertheless no young person at the present 
day is considered as having a " finished education" without 
an acquaintance with its rudiments. 

The question with parents is, not " how Utile learning and 
discipline their children can get through the world with ;" 
but, " how much does their highest usefulness require /" and 
'"what are the best means to secure this endV 

It has long been a prevalent sentiment among teachers and 
the friends of education, that an abridgment of Day's Alge- 
bra, adapted to the wants of schools and academies, would 
greatly facilitate this object. Whilst his system has been 
deemed superior to any other work before the public, and 
most happily adapted to the circumstances of college students, 
for whom it was especially prepared ; it has also been felt, 
that a smaller and cheaper work, combining the simplicity of 
language and the unrivalled clearness with which the princi- 
ples of the science are there stated, would answer every pur- 
pose for beginners, and at the same time bring the subject 
within the means of the humblest child in the land. 
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In accordance with this sentiment, such a work has been 
prepared, and is now presented to the public. The design 
of the work is to furnish an easy and lucid transition from 
the study of arithmetic to the higher branches of algebra and 
mathematics, and thus to subserve the important interests of 
a practical and thorough education. 

Its arrangement, with but few exceptions, is the same as 
that of the large work. For the sake of more convenient 
reference, the division by compound divisors, and the bino- 
mial theorem, both of which were originally placed after 
mathematical infinity, are brought forward, the former being 
placed after division of simple quantities, and the latter after 
involution of simple quantities. The reason for deferring 
the consideration of compound division in the original, was 
the fact that some of the terms contain powers which it is 
impossible for pupils at this stage of their progress to under- 
stand. To avoid this difficulty in the present work, whenever 
a power occurs, instead of using an index before it has been 
explained, the letter is repeated as a factor in the same man- 
ner as in multiplication, and also in dividing by a simple 
quantity. (Arts. 80, 94.) Afterwards, under division of 
powers, copious examples of dividing by compound quantities 
which have indices, are given. 

As continued arithmetical proportion and arithmetical pro- 
gression are one and the same thing, they are placed con- 
tiguously in the same section. For the same reason conti- 
nued geometrical proportion and geometrical progression are 
placed in a similar manner. Mathematical infinity, roots of 
binomial surds, infinite series, indeterminate co-efficients, 
composition and resolution of the higher equations, with equa- 
tions of curves, are subjects which belong to the higher and 
more difficult parts of algebra, and it has been thought ad- 
visable to omit them in the abridgment. Those who have 
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PREFACE. V 

leisure and are desirous of acquiring a knowledge of these 
subjects, will find the n» explained with all the author's acciis- 
tomed clearness and ability in his large work, to which they 
are respectfully referred. The similarity between the ope 
rations in addition, subtraction, multiplication and division of 
radical quantities, and those of the same rules in powers ; 
also between involution and evolution of radicals, and of pow- 
ers, has been more fully developed, and the rules of both are 
expressed in as nearly the same language as the nature of 
the case would admit. It has also been attempted to illus- 
trate the " Binomial Theorem," on the principles of induc- 
tion ; the second method of completing the square in qua- 
dratic equations has been demonstrated ; and other methods 
of completing the square pointed out, which, so far as the 
author knows, are original. 

It was a cardinal point with the distinguished author of the 
large work, never to use one principle in the explanation of 
another, until it had itself been explained, a characteristic of 
rare excellence in school-books and works of science. This 
plan has been rigidly adhered to, in the preparation of the 
abridgment. After the principles have been separately ex- 
plained, and illustrated by examples, they have then been 
carefully summed up in the present work, and placed in the 
form of a general rule. This, it is thought by competent 
judges, will be found very eonvenient and useful both to 
teachers and scholars. By this means the peculiar advan- 
tages of the inductive and synthetic modes of' reasoning have 
been united, and made subservient alike to the pleasure and 
facility both of imparting and acquiring knowledge. 

As a guide to the attention of beginners to the more im- 
portant principles of the science, a few practical questions 
are placed at the foot of the page. They are intended to be 
merely suggestive. No thorough teacher will confine himself 
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to the questions of an author, however full and appropriate 
they may be. From a conviction that the answers to prob- 
lems have a tendency to destroy rather than promote habits 
of independent thinking and reasoning in the minds of learn- 
ers, they have nearly all been excluded from the book. For 
the convenience of teachers and others, who may entertain 
different views upon this point, the answers are given in a 
Key, in which may also be found a statement and solution 
of the more difficult examples contained in the work. 

The formation of correct habits of study and of thought, 
together with the eoctermination or prevention of bad ones, 
requires the utmost vigilance and skill on the part of teach- 
ers. They must insist upon thoroughmss^ upon " the why and 
wherefore^^ of each successive step, or, in most cases, their pu- 
pils will fall into superficial and mechanical habits^ which are 
equally destructive of high attainments and future usefulness. 
To mould the youthful mind right^ is an arduous and responsi- 
ble task ; sufficient to crush the jaded spirit and shattered 
nerves of a poorly paid teacher. Nevertheless it is a high 
and noble^ as well as indispensable work.^ Every conscien- 
tious teacher therefore, who appreciates the importance of his 
profession, or is worthy to be entrusted with this responsible 
charge, will cheerfully devote his energies to the work, what- 
ever may be the sacrifice, or resign his trust to more faithful 
and able hands. ^^ In mathematics as in war, it should be made 
a principle," says the author of the large work, " not to advance^ 
while anything is left Uficonquered behind. Neither is it suf- 
ficient that the student understands the nature of the propo- 
sition, or method of operation, before proceeding to another. 
He ought also to make himself /am i/iar with every step, by a 
careful attention to the examples." It is emphatically true 
in algebra, that " practice makes perfect." For this reason 
the number of problems in the present work has been nearly 
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doubled ; the most of those ddded are original, and 
lated to make the principles of the science more famiT 

The merits of Dav's Algebra are too well known and i 
predated to require any comment. The fact that it has been 
adopted, as a text-bo6k, by so many of our colleges and higher 
seminaries of learning ; that during the last fourteen years 
more than forty large editions have been called for, aflTords 
sufficient evidence of the superior rank which it holds in 
public estimation. 

With regard to the abridgment, it is fervently hoped that 
all who have felt the want of a lucid introductory work upon 
this science, will here find the fulfilment of their wishes. 
Those teachers who have used the large work in their colle- 
giate course or elsewhere, and who may bave occasion to use 
this, will at least be saved from the inconvenience of unlearn'- 
ing one set of rules, and of learning a new and perhaps an 
inferior set, a work by no means unfrequent, and of no small 
magnitude and perplexity. On the other hand, those scholars, 
who chance to use the abridgment in their preparatory coursCi 
will avoid the necessity of unlearning its rules and modes of 
operation in algebra, should they have occasion to use the 
large work in the subsequent part of their education. 

It has been the endeavor of the author to divest the study 
of algebra, once so formidable, of all its intricacy and repul- 
siveness ; to illustrate its elementary principles sp clearly, 
that any school-boy of ordinary capacity may understand and 
apply them ; and thus to render this interesting and useful 
science more attractive to the young. With what success 
these efforts have been attended, it remains for his fellow 
teachers and an impartial public to decide. 

J. B. Thomson, 

New Haven, May 20, 1843. 
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NOTICE. 



Having been* myself prevented, by impaired health, and 
official engagements, from preparing ap abridgment of my 
Introduction to Algtbraj I applied to Mr. J. B. Thomson, to 
abridge the work, in such a manner as to adapt it to the de- 
mand and use of the higher schools and acaden>ies. 

I had confiden^ce in his mathematical talents and attain- 
ments, and his practical knowledge, derived from several 
years' experience in teaching' alg^ra, as qualifying him to 
make the abridgment proposed ; and I am gratified to find, 
on examination, that our design has bee&'skilfully and satis- 
factorily executed. The abridgTOenf}-it is hoped, will be fa- 
vorably received, by those who approve of the original work. 

^ *.^ J. DAY. 

Yale CoUege, May 29, 1|43.. 
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SECTION r. 

INTaOJ)UCTION. 



Art. 1. Algebra is agene^l method of solving problems^ and 
of investigating the retktions of ^quantities by means of letter 9 
and signs, ' 

ILLTTSTRATt-ON,* 

Prob. 1. Sijppose a man diyided 72 dollars among his 
three sons in the following manner : To A he gave a certain 
numher of dollars ; To B he gave three times as many as to 
A ; and to C he gave, the remainder, which was half as many 
dollars as A and B received. How many dollars did he give 
to each 1 

1. To solve this problem arithmetically, the pupil would 
reason thus : A had a certain part, i. e. one share y. B received 
three times as much, or three shares ; but C had half as much 
as A and B ; hence he must have received two shades. By 
adding their respective shares, the sum is six shares, which 
by the conditions of the question is equal to 72 dols. If then 
6 shares are equal to 72 dols., 1 share is equal to i of 72, 
viz. 12 dols., which is A's share. B had three times as many 
viz. 36 dols., and C half as many dols. as both, viz. 24 dols 

Quest. — ^What is algebra ? How solve Prob. .t arithmetically ? 
2 
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14 ALGEBRA. [SeCt. I. 

2. Now to solve the same problem by algebra^ he would use 
letters and signs ; thus, 

Let X represent A's share ; then by the conditions, 

a? X 3 will represent B's share j and 

4a? 4-2 will represent C's share. 

Add together the several shares^ or a?'s ; thus, a?4-3a?4-2a:= 
6a?. Then will 6a?=72, for the whole is equal to all its parts j 
and la?=12 dols. A's share; 3a?=36 dols. B's share j and 
2a? =24 dols. C's share. 

Proof. Add together the number of dollars received by 
each, and the sum will be equal to 72, the amount divided. 

In this algebraic solution it will be observed ; First^ that 
we represent the number of dollars which A received by x. 
Second^ to obtain B's share, we must multiply A's share by 3. 
This multiplication is represented by two lines crossing each 
other like a capital X. Third^ to find C's share, we must 
take half the sum of A's and B's share. This division is 
denoted by a line between two dots. Fourth^ the addition of 
their respective shares is denoted by another cross formed by 
a horizontal and perpendicular line. Take another example. 

Prob. 2. A boy wishes to lay out 96 cents for peaches and 
oranges, and wants to get an equal number of each. He 
finds that he must give 2 cents for a peach and 4 for an 
orange. How many can he buy of each 1 

Let X denote the number of each. Now since the price of 
one peach is 2 cents, the price of x peaches will be a? X 2 
cents, or 2a? cents. For the same reason a? x 4, or 4a? cents, 
will denote. the price of x oranges. Then will 2a?+4a?, that 
is, 6a?, be equal to 96 cents by the conditions, and la? is equal 

Quest. — ^How by algebra? How denote A's share? How B's and 
C's? What is the share of each? In Prob. 2, how represent the 
number of each kind? What represents the price of each kind? 
The Ans. ? 



Digitized by VjOOQIC 



Arts. 2-7.] iNTEODUcnoN. 15 

to ^ of 96 cents, viz. 16 cents, which is the number he bought 
of each. 

2. Quantities in algebra are generally expressed by 
letterSj as in the preceding problems. Thus b may be put 
for 2 or 15, or any other number which we may wish to 
express. It must not be inferred, however, that the letter 
used, has no determinate value. Its value is fixed for the oc- 
casion or problem on which it is employed ; and remains un- 
altered throughout the solution of that problem. But on a 
different occasion, or in another problem, the same letter may 
be put for any other number. Thus in Prob. 1, x was put 
for A's share of the money. Its value was 12 dols. and re- 
mained fixed through the operation. In Prob. 2, x was put 
for the number of each kind of fruit. Its value was 16, and 
it remained so through the calculation. 

3. By the term quantityy we mean anything which can be 
multiplied^ divided^ or measured. Thus a liney weighty iime^ 
number, &c., are called quantities. 

4. The first letters of the alphabet are used to express 
known quantities 3 and the last letters, those which are un- 
known. 

5. Knovm quantities are those whose values are given, or 
may be easily inferred from the conditions of the problem 
under consideration. 

6. Unknown 4^uantities are those whose values are not 
given. 

7. Sometimes, however, the quantities, instead of being ex- 
pressed by letters, are set down in figures. 

Quest. — ^How are quantities expressed in algebra ? What does each 
letter stand for ? Has the letter used no determinate value ? What is 
meant by quantity ? Give examples. Which letters are used to denote 
known quantities ? Which unknown ? What are known quantitiei?^ Ua- 
known ? Are figures ever used in algebra ? 
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8. Besides letters and figures, it will also be seen that we 
use certain signs or characters in algebra to indicate the re/o- 
tions of the quantities, or the operations which are to be per- 
formed with them, instead of writing out these relations and 
operations in words. Among these is the sign of addition 
(+), subtraction (— ), equality (=), &c. 

9. Addition is represented by two lines (+), one horizon- 
tal, the other perpendicular, forming a cross, which is called 
plus. It signifies "more," or "added to." Thus a+ 6 sig- 
nifies that b is to be added to a. It is read a plus &, or a add- 
ed to bj or a and b. 

10. ^Subtraction is represented by a short horizontal line 
(—) which is called minus. Thus a— by signifies that b is 
to be " subtracted " from a 3 and is read a minus by or a 
less b. 

11. The sign + is prefixed to quantities which are con- 
sidered as positive or affirmaiive ; and the sign — , to those 
which are. supposed to be negative. For the nature of this 
distinction, see Arts. 36 and 37. 

1 2. The sign is generally omitted before the first or leading 
quantity, unless it is negative y then it must always be writ- 
ten. When no sign is prefixed to a quantity, + is always 
understood. Thus a+b is the same as+a-\-b. 

13. Sometimes both-\-axid — (the latter being put under 
the former, ±) are prefixed to the same letter. The sign is 
then said to be ambiguous. Thus a±:b signifies, that in cer- 

QuEST. — What besides letters and figures are used in algebra ? What 
is the sign of addition ? How read ? What does it signify ? How is 
subtraction represented? What called? What signify? What sign 
have positive quantities? What negative? What is said as to the 
sign of the leading quantity? When none is expressed what sign is 
imderstood ? When both + and — are prefixed to the same letter, what 
is the sign called 7 What does it show ? What are like signs 7 What 
unlike? 
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tain cases, comprehended in a general solution, b is to be add 
ed to a, and in other cases subtracted from it. 

Obser. When all the sig^is are plusj or all minusy they are 
said to be alike ; when some are plus and others minus, they 
are called unlike. 

14. The equality of two quantities, or sets of quantities, is 
expressed by two parallel lines =. Thus a+ft=J, signifies 
that a and b together are equal to J. So 8+4»=16--4=10 
+2=7+2+3. 

15. When the first of the two quantities compared, is 
grealer than the other, the character > is placed between 
them. Thus a>6 signifies that a is greater than b. - 

If the first is Iss than the other, the character < is used ; 
as a<6 ; i. e. a is less than b. In both cases, the quantity 
towards which the character openSy is greater than the other. 

16. A numeral figure is often prefixed to a letter. This is 
called a co-efficieni. It shows how often the quantity expressed 
by the letter is to be taken. Thus 2b signifies twice b 3 and 
9^, 9 times 6, or 9 multiplied into b. 

The co-efficient may be either a- whole number or a frac- 
tion. Thus |6 is two thirds of b. When the co-efficient is 
not expressed, 1 is always to be understood. Thus a is the 
same as la i i. e. once a. 

17. The co-efficient may also be a /etter, as well as a figure. 
In the quantity mb, m may be considered the co- efficient of 
h *y because & is to be taken as many times as there are units 
iXLtn. If m stands for 6, then mb is six times b. In 3a5c, 3 
may be considered as the co-efficient of abc 3 3a the co-effi- 
cient of be 5 or 3a5, the co-efficient of c. 

Quest. — ^How is quality represented ? How inequality ? Wlat is a 
co-efficient? What does it show? When no co-efficient is expressed, 
what is understood? Is the co-efficient always a whole number? Is it 
always a figure ? 

2* 
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18. A simple quantity is either a single letter or number, 
or several letters connected together tw^ow/ the signs + and 
^. Thus a, abj abd and 86, are each of them simple quim- 
tities. 

19. A compound quantity consists of a number of simple 
quantities connected by the sign + or — . Thus a+b, </— -y, 
b—d+3h, are each compound quantities. The members of 
which each is composed are called terms. 

20. If there are two terms in a compound quantity, it is 
called a binomial. Thus a+b and a—b are binomials. The 
latter is also called a residual quantity, because it expresses 
the difference of two quantities, or the remainder, after one is 
taken from the other. A compound quantity consisting of 
three terms, is sometimes called a trinomial; one of four 
terms, a quadrinomial, &c. 

21. When the several members of a compound quantity 
are to be subjected to the same operation, they must be con- 
nected by a line ( ) called a vinculum, or by a parenthe- 

sis ( ). Thus a—b-{-c, or a~(b-{-c), shows that the sum of 
b and c is to be subtracted from a. But a—b+c signifies 
that b only is to be subtracted from a, while c is to be added. 

22. A single letter, or a number of letters, representing 
any quantities with their relations, is called an algebraic «r- 
pression, ox formula, Thusa+6+3<^ is an algebraic expres- 
sion. 

23. Multiplication is usually denoted by two oblique lines 
crossing each other thus >< . Thus a x 6 is a multiplied into 
b : and 6 x 3 is 6 times 3, or 6 into 3. Sometimes a point is 

Quest. — What is a simple quantity ? A compound ? If there are two 
tenns, what is it called ? Three ? Four ? When several terms are sub- 
jected to the same operation, how is this shown ? What is an algebraic 
expression, oi formula ? In how many ways is multipUcaiion represented ? 
First ? Second ? Third ? 
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used to indicate multiplication. Thus a , b is the same as 
axb. But the si^ of multiplication is more commonly- 
omitted, between simple quantities ; and the letters are con- 
nected together in the form of a word or syllable. Thus ab 
is the same as a . 6 or axb. And bcde is the same as bxc 
Xdxe, When a compound quantity is to be multiplied, a 
vinculum or parenthesis is used, as in the case of subtraction. 
Thus the sum of a and b multiplied into the sum of c and c?, 
is a+6 X c-\-d^ or {a+b) X {c-\-d). And (6 + 2) X 5 is 
8x5, or 40. But 6 + 2x5 is 6 + 10, or 16. When the marks 
of parenthesis are used, the sign of multiplication is frequently- 
omitted. Thus {pc-\-y) (sc—y) is (a?+y) x (a?— y). 

24. When two or more quantities are multiplied together, 
each of them is called a factor. In the product ab^ a is a 
factor, and so is b. In the product xx(a+m\ x is one of 
the factors, arid a+m the other. Hence every co-efficient 
may be considered a factor. (Art. 17.) In the product 3y, 
3 is a factor as well as y. 

25. A quantity is said to be resolved into factors, when any 
factors are taken, which, being multiplied together, will pro- 
duce the given quantity. Thus Sab may be resolved into 
the two factors 3a and 6, -because Saxb is Sab. And 5amn 
may be resolved into the three factors 5a, and m, and n. 
And 48 may be resolved into the two factors 2 x 24, or 3 x 16, 
or 4 X 12, or 6 X 8 ," or into the three factors 2 X 3 x 8, or 4 X 
6x2, &c. 

26. Division is expressed in two ways: 1st. By a hori- 
zontal line between two dots -;-, which shows that the quan- 
tity preceding it, is to be divided by that which follows. 
Thus, a-^Cy is a divided by c. 

QuEST.^ — What is a factor ? When is a quantity resolved into factors ? 
Factors of Zab ? 5amn ? 48 ? In how many ways is division expressed ? 
First? 
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2d. Division is more commonly expressed in the form of a 
fraction^ putting the dividend in the place of the numerator, 

and the divisor in that of the denominator. Thus - is a divid- 

b 

ed by b. 

27. When four quantities are proportional^ the proportion 
is expressed by points, in the same manner as in the Rnle of 
Three in arithmetic. Thus aib ii ci d signifies that a has 
io by the same ratio which c has to d. And ah i cd : \ a+m \ 
b-\-ny means that ah is to cJ, as the sum of a and m, to the 
sum of b and n. 

28. Algebraic quantities are said to be alike, when they 
are expressed by the same letters^ and are of the same power ; 
and unlike^ when the letters are different, or when the same 
letter is raised to difiTerent powers.* Thus aby 3aft, -— a^, 
and — 6a5, are like quantities, because the letters are the 
same in each, although the signs and co-efficients are difier 
ent. But 3a, 3y, 35a?, are unlike quantities, because the let- 
ters are unlike, although there is no difference in the signs 
and co-efficients. So a?, xx^ and arxap, are unlike quantitiesy 
because they are diflferent powers of the same quantity. 
(They are usually written x, aP' and a?^.) And universally if 
any quantity is repeated as a factor a number of times in one 
instance, and a different number of times in another, the pro- 
ducts will be unlike quantities ; thus ccy cccc and c, are un- 
like quantities. But if the same quantity Is repeated as a 
factor the same number of times in each instance^ the products 
are like quantities. Thus aaa, aaa^ aaa and aaa, are like 
quantities. 

Quest. — Second ? The most common ? How is proportion expressed ? 
What are like quantities ? Unlike ? What kind of quantities are 3afr and 
Qah ? aa and aaa ? aa and aa? xx and xxx ? 

* For the notation ofpowert and root$, see sections Ym, IX. 



Digitized by VjOOQIC 



Arts. 27-33.] mxRODxrcTioN 21 

29. One quantity is said to be a multiple of another, when 
the former contains the latter a certain number of times with- 
out a remainder. Thus 10a is a multiple of 2a ; and 24 is a 
multiple of 6. 

30. One quantity is said to be a measure of another, when 
the former is contained in the latter any number of times, 
without a remainder. Thus 36 is a measure of 156 3 and 7 

^ is a measure of 35. 

31. The value of an expression, is the number or quantity 
for which the expression stands. Thus the value of 3+4« is 
7 J of 3x4 is 12: of !f is 2. 

32. Th$ RECIPROCAL of a quantity^ is the quotient arising 
from dividing a unit hy that quantity. The reciprocal of a 

is— ; the reciprocal of a+h is — - ; the reciprocal of 4 is — 
a a+b 4 

33. What is the algebraic expression for the following 
statement, in which the letters a, 6, c, &;c., may be supposed 
to represent any given quantities \ 

Ex. 1. The product of a, h and c, divided by the difierence 
of c and^ is equal to the sum of b and c added to 15 times A. 

Ans. =6+c+15A. 

c—d 

2. The product of the difference of a and h into the sum 
of 6, c and J, is equal to 37 times m, added to the quotient 
of b divided by the sum of A and b, 

3. The sum of a and 6, is to the quotient of b divided by 
c^ as the product of a into c, to 12 times A. 

4. The sum of a, b and c, divided by six times their pro- 
duct, is equal to four times their sum diminished by d, 

5. The quotient of 6 divided by the sum of a and 6, is equal 
to 7 times J, diminished by the quotient of 6, divided by 36. 

Quest. — When is one quantity a multiple of another? When a meas- 
ure / What is the value of an algebraic expression ? What is the reci- 
procal of a quantity ? 
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34. What will the following expressions become, when 
words are substituted for the signs 1 

6. ?i±i=o&c-6m+- "" 



Ans. The sum of a and b divided by A) is equal to the pro- 
duct of o, b and c diminished by 6 times «, and increased by 
the quotient of a divided by the sum of a and c. 
3A-C , h 

8. a+l(h^x)^'-Z^=(a+h) (ft-c.) 

9. o-i^ : a circuit 3x(A+i^+y). 



10. 



d4-a6 bax(d-\-h)_ cd 



3_|_(6— c) 2»» a»» h-^-dm 

35. At the Q]ose of an algebraic process it is often neces- 
sary to restore the numbers for which letters have been sub- 
stituted at the beginning. In doing this the sign x must not 
be omitted between the numbers, as it generally is between 
factors expressed by letters. Thus if a stands for 3, and h 
for 4, the product ab is not 34, but 3x4, i. e. 12. Suppose 
ai^3; 5=4; 0=2; <f=6; wi=8; and n=10. 

Find the value of the following algebraic expressions, 

11. ^+o+»»»=i^+3+8x 10=9+3+80=92. Ans. 

j^ b+mn bc+n _ 4>+S0 4>x2-\-10 _^ ^^^ 
cd 3d 2x6 • 3x6 

13. ^±^+5m-!^2i^. 14. b^+^b+3d_3bn^dc^ 
c 5a d 3cd 

15.o5m+-^+2n. 16. (a+c)x(n-»i)+^?:i-^-ii. 
m^b i»— o 

^^ ax^d+c) _^^^^_ {c+b)x(m^d) 

n—d n— 6c 
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18. -g^±^+m-cft+(^^-^)^C^^^> 
2»+3 n ' 

POSITIVE AND NEGATIVE QUANTITIES. 

36. A POSITIVE or affirmative quantify is one which is to 
be added J and has the sign+prefixed to it. (Art. 11.) 

37. A negative quantiiy is one which is required to be sub- 
tracted, and has the sign — prefixed to it. 

When several quantities enter into a calculation, it is fre- 
quently necessary that some of them should be added toge- 
ther, while others are subtracted. 

If, for instance, the profits of trade are the subject of cal- 
culation, and the gain is considered positive, the loss will be 
negative ; because the latter must be subtracted from the form- 
er, to determine the clear profit. If the sums of a book ac- 
count are brought into an algebraic process, the debt and 
the credit are distinguished by opposite signs. 

38. The terms positive and negative, as used in the mathe- 
matics, are merely relative. They imply that there is, either 
in the nature of the quantities, or in their circumstances, or 
in the purposes which they are to answer in calculation, some 
such opposition as requires that one should be subtracted from 
the other. But this opposition is not that of eocistence and 
non-existence^ nor of one thing greater than nothings and an- 
other less than nothing. For in many cases either of the signs 
may be, indiflTerently and at pleasure, applied to the very same 
quantity; that is, the two characters may change pla- 
ces. In determining the progress of a ship, for instance, her 

Quest.— What is a positive quantity ? What sign has, it ? What is a 
negative quantity ? What sign has it 7 In business transactions, how is 
the gain considered 7 Loss 7 How are the tenns positive and negative 
used in mathematics ? Imply what 7 
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easting may be marked+, and her westing—; or the westing 
may be+, and the easting—. All that is necessary is, 
that the two signs be prefixed to the quantities, in such a 
manner as to show, which are to be added, and which sub- 
tracted. In difierent processes, they may be differently ap- 
plied. On one occasion, a downward motion may be called 
positive, and on another occasion negative. 

39. In every algebraic calculaition, some one of the quan- 
tities must be fixed upon to be considered positive. All other 
quantities which will increase this, must be positive also. But 
those which will tend to diminish it, must be negative. In a 
mercantile concern, if the stock is supposed to be positive, 
the profits will be positive ; for they increase the stock ; they 
are to be added to it. But the losses will be negative ; for 
they diminish the stock ; they are to be subtracted from it. 

40. A negative quantity is frequ entlygr e«/cr than the posi- 
tive one with which it is connected. But how, it may be 
asked, can the former be subtracted from the latter 1 The 
greater is certainly not contained in the' less : how then can 
it be taken out of it 1 The answer to this is, that the greater 
may be supposed first to exhaust the less, and then to leave a 
remainder equal to the difference between the two. If a mah 
has in his possession 1000 dollars, and has contracted a debt 
of 1500 ; the latter subtracted from the former, not only ex- 
hausts the whole of it, but leaves a balance of 500 against 
him. In common language', he is 500 dollars worse than 
nothing. 

41. In this way, it frequently happens, in the course of an 
algebraic process, that a negative quantity is brought to stand 

Quest. — How determine which quantities are positive? Negative? 
Is a negative quantity ever greater than a positive, with which it is 
connected? How subtract the former from the latter in such a case? 
Give examples. Does a negative quantity ever stand alone? What 
denote ? 
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alone. It has ^e sign of subtraction, without being con- 
nected with any other quantity, from which it is to be sub- 
tracted. This denotes that a previous subtraction has left a 
remainder, which is a part of the quantity subtracted. If 
the latitude of a ship which is 20 degrees north of the equator, 
is considered positive, and if she sails south 25 degrees : her 
motion first diminishes her latitude, then reduces it to noth' 
ing^ and finally gives her 5 degrees of south latitude. The 
sign — prefixed to the 25 degrees, is retained before the 5, 
to show that this is what remains of the southward motion, 
after balancing the 20 degrees of north latitude. 

42. A quantity is sometimes said to be subtracted from 0. 
By this is meant, that it belongs on the negative side of 0. 
But a quantity is said to be added to 0, when it belongs on 
the positive side. Thus, in speaking of the degrees of a 
thermometer, 0+6 means 6 degrees above Oj and 0—6, 6 
degrees, below 0. 

AXIO MS. 

43. An AXIOM is a self-evident proposition. 

1. If the same quantity or equal quantities be added to 
equal quantities, their sums will be equal. 

2. If the same quantity or eqjaal quantities be subtracted 
from equal quantities, the remainders will be equal. 

3. If equal quantities be multiplied into the same, or equal 
quantities, the products will be equal. 

4. If equa^ quantities be divided by the same or equal 
quantities, the quotients will be equal. 

5. If the same quantity be both added to and subtracted 
from another, the value of the latter will not be altered. 

6. If a quantity be both multiplied and divided by another, 
the value of the former will not be altered. 

Quest. — ^What is meant by subtracting a quantity from ? Added to 
? What is an axiom ? Name some. 
3 
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7. Quantities which are respectively eqml to any other 
quantity, are equal to each other. 

8. The whole of a quantity is greater than a part. 

9. The whole of a quantity is equal to all ii8 parti. 



SECTION II, 

ADDITION. 



Aet. 44. Ex. 1. John has x marbles and gains b marbles 
more. How many marbles has he in all 1 

In this example we wish to add x marbles to b marbles. 
But adidition in algebra is denoted by the sign +• Hence 
07+6 is the answer : i.e. John has the sum of x marbles add« 
ed to b marbles. 

2. What is the sum of Zb dollars added to the sum of c 
dollars and / dollars 1 

By algebraic notation, 36+C+/ dollars is the answer. 

45. The learner may be curious to know how many mar- 
bles there are in x+b marbles; and how many dollars in 
Sb+c+f dollars 1 This depends upon the number each let- 
ter stands for. But the questions do not decide what this 
number is. It is not the object^ in adding them/to ascertain 
the specific value of x and y, or of 6, c and f; but to find 
an algebraic expression, which will represent their sum or 
amount. This process is called addition. Hence 

46. Addition in algebra may be defined^ the connecting of 
several quantities with their signs in one expression* 

Quest. — How is addition denoted ? Write the sum vC a, b, c and d. 
What is this process called ? Define addition. 
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^ 47. Quaniiiies may be added^ by writing them one after another^ 
vjithout altering their signs, 

N. B. A giiontiiy to which no sign ia prefixed is Blwn,ys to he 
considered positive^ i. e. the sign + is understood. (Art. 12.) 

What is the sum of a+wi, and b — 8, and 2A — 3f»+d 1 

a-|-m+5— 8-f 2A— 3»i-|-(f. Ans. 

48« It is immaterial in what order the terms or letters are 
arranged. If you add 6 and 3 and 9, the amount is the 
same, whether you put the 6, 3, or 9 first, viz. 18. But it is 
frequently more convenient and therefore customary to arrange 
the letters alphahetically, 

49. It often happens that the eonpress^on denoting the sum 
or amount^ can he simplified hy reducing several terms to 
one. Thus the amount 2a-^7a-|-4a, may he abridged hy 
jiniting the three termtt in oife. Thus %a added to la is 90, 
and 4a added to 9a makes 13a. Or 2a-<f-7a4-4a=13a. 

There are two cases in which reductioiks can he made. 

50. Case I. When the ^uan/i/m are alike and tYah signs 
alike J as -j-45-f-55, or — 4y — 3y, &c. Md the co-efficients^ 
annex the cok^mon letter or letters^ ami prefix the common sign. 

, EXAMPLES.!^ 

1, What is the sum of 3a, 4a and ^a ? 

3a-(-4a-|-6a=13a. Ans. 
St. 3xy 3. 7^4* ^ ^* ry'-^^^abh 5. cdxy-\-Zmg 
Kxy 86-|-3iry 3ry-[- abh SSe/xy-f- mg 

xy 2*4-2^^ 6ry-\Aabh bcdxy-^-lmg 

%nf 6b-\-bxy 2ry-[- abh 7c(fa!y-[-8mg * 

N. B. The mode of proceeding is the same^ when all the signs 
ire — . Thus — 36c — be — 56c = — 96c. 

Quest. — How add quantities ? When no sign is prefixed to a quantity, 
what is understood ? In what order ture the terms or letters generally 
arranged ? Why ? Can expressions denoting the sum^ ever be simplified 7 
How? Case first? 
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7. — ax 8. —2ab — my 9. — 3acA— 8My 

— Sax — ab — 3my — ach — bdy 

— 2ax — 7«6— 8»iy — 5acA — Ibdy 

51. Case IL When the quantities ere aUke^ but the signs 
unlike, as +9b and — 66. 

Take the less co-efficieni from the greater ; to the difference, 
annex the common letter or letters, and prefix the sign of the 
greater co-efficient. 

Suppose a man's loss $500 and his gain $2000. The alge- 
braic notation is —500+2000, i. e. $500 is to be subtracted 
from his stock, and $2000 added to it. But it will be the same 
in effect,- and the expression will be greatly abridged, if we 
add the difference between $500 and $2000, viz. $1500, to 
his stock. 

10. What is the sum of 16a6 and — lah \ Ans. ^db. 

11. 12. 13. 14. 15. 

To +46 Uc 2hm — dy-f 6w» 3A— dx 

Add —65 —Ibc ^9hm ^dy— m 5A+4da? 

53. If several positive, and several negative quantities are 
to be reduced to one term ; first reduce those which are posi- 
tive, next those which are negative to one term, and then pro- 
ceed as in Art. 51. 

16. Keduce 13b-{-6b+b — 46—55—76, to one term. 
136+66+6=206; and —46— 56— 76=— 166. 

• Then 206- 166=x4.6. Ans. 

17. Add 3xy — iry+2a?y— 7:ry+4a?y— 9a?y+7a?y — 6xy. 

18. Add 3ae/— 6a(i+o(;+7ai— 2oc?+9aJ— 8a(i— 4a(/. 

19. Add 2a6»t — abm+labm — 3a6»i+7a6OT. 

20. Add axy — laxy+Saxy — axy — Saxy-\-daxy. 



QuisT. — How are like quantities added when their signs are unlike ? 
When several positive and several negative quantities are to be reduced to 
one term, how proceed ? 
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54. If two equal qaantities have contrary signs^ they destroy 
each other, and may be cancelled. Thus -|>66 — 66=0. And 
(3 X 6)^18=0, so 7ft<r— 73c=0. 

55. If the letters J or quantities in the several terms to be added ^ 
are unlike, they can only he placed after each other^ with their 
proper signs. (Art. 47.) 

21. |If 46, and — 6y, and 3a?, and 17A, and — 5i, and 6, be 
added ; their sum will be 46— 6y+3*+ 17A— 5d-|-6. 

22. Add aay aaoy to xx^ xxx and xxxx. 

Difierent letters, and different powers of the same letter, 
can no more be united in the same term, than dollars and 
guineas can be added, so as to make a single sum. Six guin- 
eas and four dollars are neither ten guineas nor ten dollars. 

56. From the foregoing principles we derive the following 

OENEEAL RULE FOR ADDITlONr 

Write down the quantities to be added without altering their 
signs, placing tkoH that are alike under each other ; and unite 
such terms as are similar. 

23. To^6c — 6d-l-26— 3y ^ These may be arranged thus: 
Add —Sbc+x—3d^ i 36c— 6cq-26— 3y 
And 2d+y+3x-l-b ) —36c— 3d + a?-f6g 

2d+b +y+Sx 

The sum will be — 7(q-36— 2y+4a?+6g. 

EXAMPLES FOR PRACTICE. 

1. Add a6+8, to cJ— 3, and 5fl6 — 4wi+2. 

2. Add a?+3y — dx, to 7 — x — S-\-hm. 

3. Add /i6»i— 3x+6m, toy— a?+7, and 5a?— 6y+9. 

QiTEST.— If two equal quantities have contrary signs, what is the effect ? 
If the letters in the several terms are unlike, how are they added 1 What 
Chen is the general rule for addition ? 
3* 
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4. Add 3a»i-|-6— 7a?y— 8, to lOay— 9+5a»i. 

5. Add 6ahy+ld—l+mxyy to 3aAy— 7rf-fl7— wxy. 

6. Add 7ac^-A+8xy--ai, to 5ad+h—lxy. 

7. Add Sab-'^ay+x, to a&— ay-f 6a?— A. 

8. Add %— 3aa?+2a, to 36a?— ^-|-fl. 

9. Add aa?-|-6y— a?y, to —by+2xy+bax. 

10. Add41c(f/— 10a?y— 186, to 7xy+Ub+3cdf. 

11. Add 36;?— 17xy+18a, to 4aa?— 56a?+63ca?. 

12. Add 8a6— 66c-|-4c(i— 7xy, to llmn+lSfg—^ax. 

13. Add — 42a6c-f 10a6(i, to b0abc+15abd+bxyz. 

14. Add oa?— y+6— rf/fii, to 4<//— 20-|.3aa?+75y. 

15. Add 45a— 106-|-4ccy, to 826 — 4cJf+10a— 46. 

16. Add 12(a+6)+3(a+6), to 2(a+6)— 10(a+6). 

17. Add a?y(a+6)+3a?y(a+6), to 2a;y(a+6)— 4a;y(a4-6). 

18. Add ax+aay x+xxx^ 4aa+2a?+aa?, and 2a?a?a?. 

19. Add y—yy+xy, 2a?a?+10yy, to 4a?y+6y— 8a?ar. 

20. Add aaa+4aaa, to \Oaaa — 14flaa+8aao. 

21. Add 12yyyy — 10a?a?, to 20xx — 8yyyy+2a?x+3yyyy. 

22. Add 4(x— y)— 13, to (0+6)- 16(x— y)— 7(a+6). 

23. Add a(a?4-y)— 6y, to 40(a— 6)4-8a(x-f y)— 36(a— 6). 

24. Add 10aa?y-j-176cc? — axy^ to 6axy — 146cJ. 

25. Add — ir4-y+6a?(a— 6)— 7a?, to 16y— I5a?(a— 6)4.25a?. 

26. Add— 4(ir+y)+16(a?+y,)to 15a6c— 10(x+y). 

27. Add 5a6c — 6a?y+m«, a-|^6a6c+ 14acy — lla-j-Gmn, to 

15a?y — 17a6c — 15a — a6c-|-a?y — dmn-^^tbc* 

28. Add <a:+y) — 36(a?4.y) — 4a(a?+y)— 4(x+y)— (a?4.y), 

to 46(x+y)-f 7a(a:+y)+5(a:-|-y)+66(a:+y). 
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SECTION III. 

fiXTBTRACTION* 

Aet. 57. SiTBTR ACTION in algebra is finding the difference of 
two quantities or sets of quantities, 

Ex. 1. Charles has 5a pears and James has 3a pears. How 
many more has Charles than James 1 In this example we 
wish to take 3a pears from 5a pears. But subtraction in al* 
gebra is denoted by the sign — . Hence 5a--3fl pears repre- 
sents the answer. But 5a— 3a = 2a pears. Ans. 

2. A gentleman owns a house valued at $4500 ; but he is 
in debt $800. How much is he worth 1 

$4500-$800=$3700. Ans. 

58. Let us now attend to the principle upon which this ope- 
tation is performed. To illustrate this point, let us suppose 
that you open a book account with your neighbor. When 
footed up, the debtor side, which is considered positive, is 
$500. The credit side, which is considered negative, is 
$300. You balance the account, and find he owes you $500 
— $300=$200. Now if you take $50 from the positive or 
debtor side, it will have the same effect on the balance, as if 
you add $50 to the negative or credit side. On the other 
hand, if you take $50 from the negalive or credit side, it 
will have the same efifect on the balance, as if you add $50 
to the positive or debtor side. 

59. Hence universally, taking away a positive quantity from 
an algebraic expression is the same in effect as adding an equal 
negalive quantity ; and taking away a negative quantity, is the 
9ame as adding an equal positive one. 

Quest. — ^What is subtraction '! On what principle is tlie rale founded f 
Hoiw illustrate this 7 What is the rule for subtraction 7 
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60. Upon this principle is founded th.e following 

6BNBRAL R XT I. E FOE 8 XT B T R ACTI N • 

I. Change the signs of all the quantities to be subtracted^ 

i. e. of the subtrahend^ or suppose them to be changed from 

+ ^0 — , or from — ^o -I'- 
ll. If the quantities are alike, unite the terms as in addi' 

tion. (Arts. 50, 51.) 

III. If the quantities are unlike, change the signs of the 

subtrahend^ and write its terms after the minuend, (Art. 55.) 

EXAMPLES. 

1. From ea+9b ( ^^^^fh^^-b^a' \ 6«+96 > ^^^ 3 ^^ 
Take 3a +46 ( hendthu.: I _3a— 4ft J ou-rou. 

2. From 166 3. 14Ja 4. —28 5. —166 6. —Uda 
Subt. 126 6da —16 —126 — 6da 

7. 166 8. 126 9. eda 10. —16 11. —126 12. — eda 
286 166 Uda —28 —166 — 14c/a 

14. +166 15. +Uda 16. -r-28 17. —166 18. —I4>da 
—126 — 6da +16 +126 + 6da 

19. From 8a6, take 6xy. Ans. 8a6 — 6xy. 

20. eaay 21. 16aaxx 22. Sdd+Sd—iddd 
Hay 20ax lOdc +2dddd+4,dy. 

62. From these examples, it will be seen that the difference 
between a positive and a negative quantity, may be greater 
than either of tbe two quantities. In a thermometer, the dif- 
ference between 28 degrees above zero, and 16 below, is 
44 degrees. The difference between gaining 1000 dollars in 
trade, and losing 500, is equivalent to 1500 dollars. 
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63. Pboof. — Subtraction may be proved^ as in arithmetic, 
by adding the remainder to the subtrahend. The sum ought 
to be equal to the minuend, upon the obvious principle, that 
the difierence of two quantities added to one of them, is 
equal to the other 

23. From 2a?y— 1 \ f — xy+l the subtrahend. 
Subt. — a?y4-7 I Proof.] ^^V — ^ remainder. 

. Rem. 2xy — 8 J I 2xy — 1 minuend. 

24. h+3bx 25. hy—ah 26. nd^-lby 
3A— 96a? 5Ay— 6aA bnd—hy 

27. 28. 29. 30. 

Zahm— xy — 17+4aa? ax+ 76 Bah+axy 

-—labm+Sxy —20— ax — 4aa?+156 —lah+axy 

65. When there are several terms dike in the subtrahend, 
they may be united and their sum be used. Thus, 

31. From a6^subtract 3am+am+7am+2am+6am. 
Ans. a6— 3aw— awi— 7aOT— 2am— 6a»i=a6— 19a»i. 

32. From y, subtract a—a—a^a. 

33. From ax ^bc +30X^+1 be y subtract 46c— 2aa?+6c+4(W?. 

34. From ad+3dc--bXj subtract 3ad+lbx—dc+ad, 

66. The sign — , placed before the marks of parenthesis 
which include a number of quantities, requires, that when 
these marks are removed, the signs of all the quantities thus 
included should be changed. 

Thus a— (6— c+rf) signifies that the quantities 6, — c and 
+dy are to be subtracted from a. Remove the ( ) and the 
expression will then become a—h+c—d, 

35. (ry+d^(lad—xy+d+hm)=—1ad+2xy'-hm. 

Quest. — How proved ? When -^ is placed before a () which includes 
a quantity, if the () is removed, what must be done 7 
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67. On the other hand, when a number of quantities are 
introduced within the marks of parenthesis, with — imme- 
diately preceding, the signs must be changed. 

Thus —m+b''dx+3h=—(m—b+dx—Zh). 



EXAMPLES FOR PRACTICE. 

1. From eab+lxy+lSdfg, inke dxy+4^+SdJg. 

2. From — 35flir— 21ad— 37ot, take — 30m — Ibab — lOar. 

3. From 9ay+19bx+22bc, take 12ay+Blbc+b0bx. 
4f. From Sxy—iOab+6d, take —12ab+10d+24fXy. 

5. From la+6x+df+xyZy take 3a? — ia — Sdf—17xyz. 

6. From ISbc — xy-^^'Ugh, take 4flxy — gh+bc, 

7. From 21ax+y+ac — ay, take 4a— 6c+iP — yz — (fc* 

8. From 21a:4-40xy— 13a, take 42+ lOaft— 5k. 

9. From 5xy, take 2ab+S0ab+ab—4fab. 

10. From 5aa:+ 16ay, take 4aa? — ay+3aa?+4ay. 

11. From a+b, take — (c+d—f+g — h — xy). 

12. From 7a6+16a?y— 7arf, take — (6ab^l2xy+ad). 

13. Required to introduce the following quantities within 
a parenthesis with — immediately preceding, without alter- 
ing their value 5 — a-j-5 — c — d-^f+gh. 

14. Also, ab — cdx-^df-^x — y^ghf-^bc^xyz. 

15. From ^x-\-^bbb, take Bxx^^bbb. 

16. From 20yy— 2y-{-12aaa, take I5yy~2y—12aaa. 

17. From — 8(a+^)+10(a?+y), take 2(a-(-^)— 6(a?+y). 

18. From 4(a+6)— 16(a;— y), take l7(a+^)-|-36(a?— y). 

19. From 2a — aa-|-6a, take a — 4aa — 6^a. 



QuEST.—When a number of quantities are' introduced within a () with 
— before it, what must be done ? 
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20. From xx-{'3X'-xxx, take 2x-\-3xx+10xxx. 

21. From lS-^flbab+20x+3y, take 3a:+3y— 25a5+l. 

22. From 6(flh-y)— 17(a+y), take 3(a4.y)— 7(a— y). 

23. From ax—xy^my--'6, take 6fla?— 6a?y— ay446— 7c^. 

24. From 66a— 46, take 20a— fr— 30a— I6flt— 36+5a. 



SECTION IV. 

MULTIPLICATION. 

Art. 68. Ex. 1. What will 4 lemons cost at x cents a piece 1 

If 1 lemon costs x cts. 4 lemons will cost 4 times as much^ 
1. e. 4a? cents. Ans. 

2. How much can a man earn in 5 months at a dols. per 
month 1 Reasoning as before, ax5=5a dols. Ans. 

Now 44? is equal to x-]-x-\'X-\-x ;, and 5a=a-{-a+a-fa4o» 

69. This repeated addition of a quantity to itself is called mul- 
tiplication. 

Obs, From the definition of Multiplication, it is manifest that 
the product is a quantity of the same kind as the multiplicand. 

70. Multiplying by a whole number is taking the multipli- 
cand as many times as there are units in the multiplier. 

Multiplying by I, is taking the multiplicand once^ as a. 
Mult, by 2, is taking the multiplicand twice, as a-\-a, See. 

71. Multiplying by a fraction is taking a certain portion 
of the multiplicand as many times as there are like portions of 
a unit in the multiplier. 

Mult, by J, is taking ^ of the multiplicand once, as Ja. 
Mult, by f , is taking ^ of the multiplicand twice, as ^a-^-^a. 

Quest. — ^What is' multiplication ? Of what denomination is the pro- 
duct ? What is it to multiply by a whole number ? By a fraction ? By 
|» By|t By^t 
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72* Muliiplying two or more letters together ^ is vrriting them 
one after the other ^ either withy or without the sign of multiplica- 
tion between them. 

Thu« b multiplied iute c is 6 x c, or 6 . c, or be. And x into 
y, into ZyisxxyXZyOT x. y. z, or more commonly written 
xyz. And am into xy is amxy. So abc into xyz is abcxyz, 

73. It is immaterial as to the result in what order the letters 
are arranged. The prod, of ba is the same as ab, 3 times 
5 is equal to 5 times 3. The prod, of a, b and c, is abc, or 
baCy or cab, or cba. It is more convenient, however, to place 
the letters in alphabetical order. 

74. When the letters have numerical co-efficients, these 
must be multiplied together, and prefixed to the product of the 
letters. 

1. Multiply 3a into 2b, Ans. 6ab. For if a into b is aby 
then 3 times a into b is evidently Sab ; and if, instead of mul- 
tiplying by by we multiply by twice b, the product must be 
twice as great 5 that is, 2 X Sab, or 6ab. 

2 Mult. 12hy 3. Sdh 4. 2ad 5. 7WA 6. 3ay 
Into 2rx my IShmg x Smx 

75. If either of the factors consists of figures only, these 
must be multiplied into the co-efficients and letters of the 
other factors. 

Thus Sab into 4>, is 12ab. And 36 into 2Xy is 72x. And 
24j into Ay, is 24Ay. 

76. If the multiplicand is a compound quantity, each of its 
terms must be multiplied into the multiplier. Thus b-{'C-\-d 
into a is ab-{-ac+ad. For the whole of the multiplicand is 
to be taken as many times as there are units in the multiplier. 

Quest. — How are two or more letters multiplied together ? In what 
order are they arranged ? When letters have numeral co-efficients ? 
If either factor consists of figures only 7 If the multiplicand is a com- 
pound quantity? 
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7. Molt. d^2xy S, 2&+m 9. 3A/+1 10. 2Affi+3 
Into 3^ 6dy my ^ 

77. N. B. The preceding instances must not be confounded 
with those in which several factors are connected by the 
sign X , or by a point. In the latter case, the multiplier is to 
be written before the other factors without being repeated. 
The product of bxd into a, is ab x d, and not ab x ad. For 
bxd IS bd^ and this into a, is abd, (Art. 72.) The expres- 
sion bxd is not to be considered like b-\-d^ a compound quan- 
tity consistilig of two terms. Difierent terms are always sep- 
arated by 4" or — . (Art. 19.) The product of bxhxm xy 
into a, is a X ^ X A X i» X y, or abhmy. But ^-}-A-f-f»-{-y ^^^ ^ 
is ab-{-4ih-{-am-\^y. 

78. If both the factors are compound quantities, each term 
in the multiplier must be multiplied into each term in the muU 
tiplicand. Thus (a-\^) into (c+d) is aC'\-ad'\-bc~{-bd, 

For the units in the multiplier a-\-bj are equal to the units 
in a, added to the units in b» Therefore the product produced 
by a, must be added to the product produced by b. 

The product of c-{-d into a is ac-{-ad^ ) / a t 76 ^ 
The product of cJ^d into b is bc-{-bd. ) ^ ^ ' '^ 
The product of c-f-ci into a+fi is therefore ac-\-ad-\-bc-{~bd 

11. Mult. 3x+d 12. 4ay+26 13. o+l 14. 26+7 
Into 2a+hm 3c+rx Sz+i 6d+l 

15. Mult, d+rx+h into 6m4-4+7y. 

16. Mult. 7+6b+ad into 3r+4.-[-2A. 



Quest.— Does it make any difference in the result whether the quanti- 
ties are connected by the sign X, or + ? If both factors are compound 
^nantitiesy how proceed 7 
4 
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79. When several terms in the prodvet are aiike^ it will be 
expedient to set one under the oihety and then to unite them 
by the rules for reduction in addition. Thus, 

17. Mult, b+a 18. b+c+2 19. a-h y-|-l 

Into b+a ^+c-f3 * 3b-[-2x^l 

bb+ab 
+ab-{-aa 



Prod. bb-{-2ab-{-aa, 

20. Mult. 3a-\-d-\-4f into 2a-^3d^l. 

21. Mult. *-fcd-f 2 into 36-f 4cc/+7. 

22. Mult. 3^-|-2a?+A into axdx^. 

80. It will be easy to see that when the multiplier and mul- 
tiplicand consist of any quantity, repeated as a factory this 
factor will be repeated in the product as many times as ia 
the multiplier and multiplicand together. (Art. 163, 3.) 

23. Mult, axaxa* Here a is repeated three times as a factor. 
Into ax a Here it is repeated tvnce. 

Prod, axaxaxaxa. Here it is repeated five times^ 
24>. What is the product of bbbb into bbb % 

25. What is the product of 2a? x 3j? x 4a? into 5a? x 6a: 1 

81. But the numeral co-efficients of several fellow-factors 
should be brought together by multiplication. Thus 

26. 2a X 36 into 4fl x 56 is 2a X 35 x4a X 56, or I20aa66. 
For the co-efficients are factorSy^kxi. 24,) and it is imma- 
terial in what order these are arranged. (Art. 73.) So that 



Quest.— -When several terms ia the product are «like, how proceed ? % 
When the multiplier and multiplicand consist of the same factor repeated, 
how many times will it be repeated in the product ? What should be done 
with numeral co-efficients ? 
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2ax36x4ax56=2x3x4.x5xaxax6x6=120aad*. 

27. The product of 3a x 4tbh into 5i» x 6y ? 

28. The product of 46 x 6rf into 2x+ 1 ? 

EULE FOE SIGNS IN THE PE0DT7CT. 

82. *+ into + produces + ; — ^ into -f- gives — j + into 
— gives — ; and — into — gives +. That is, if the signs 
of tke factors art alike, the sign of the product will be affirma" 
tive; Intt if the signs of the factors are unlike, ihe sign of the 
product will be negative. 

83. The first case, that of + into +> needs no farther 
illustration. The^second is — into +, that is, the multipli- 
cand is negative, and the multiplier positive. Thus, — a into 
+4 is — 4a. For the repetitions of the multiplicand are, 

30. Mult. 2a— »i 31. A— 3J+4 32. a— 2— 74— a? 
Into 3A+a? 2y 3b+h 

84. In the two preceding cases, the positive sign prefixed 
to the multiplier shows, that the repetitions of the multipli- 
cand are to be added to the other quantities with which the 
multiplier is connected. But in the two remaining cases, 
the negative sign prefixed to the multiplier, indicates that 
the sum of the repetitions of the multiplicand are to be ^t^- 
traded from the other quantities. (Arta70, 71.) 

Obser. This subtraction is performed, at the time of multi- 
plying, by making the sign of the product opposite to that of 
the multiplieand. Thus -|-a into — 4 is — 4a. For the repe- 
titions of the multiplicand are, -fa-|-a-|-a-|-a=:-{-4a. 



Quest. — Rule for the signs ? Wben the multiplicand is -(-> ^^at does 
It show ? When — , what ? When and how is the snbtraction per- 
formed ? 
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But this sum is to be subtracted from the other quantities 
with which the multiplier is connected. It will then become 
—la. (Art. 59.) 

Thus in the expression 6— (4xo) it is manifest that 4tXa 
is to be subtracted from b. Now 4 X a is 4a, that is 44a. 
But to subtract this from b, the sign + must be changed into 
— . So that b—{ixa) is ft— 4a. And ax — 4 i« therefore 

— 4a. 

Again, suppose the multiplicand is a, and the multiplier 
(6—4). As (6—4) is equal to 2, the product will be equal 
to 2a. This is less than the product of 6 into i. To obtain 
then the product of the compound multiplier (6 — 4) into a, 
we must subtract the product of the negative part from that 
of the positive part. 

33. Multiplying a ) .^ ^j^^ ^^^^ ^^ ( Multiplying a 

Into 6—4 i C Into 2 



And the product 6a— 4a, is the same as the product, 2a. 
But if the multiplier had been (64-4), the two products 
must have been added. 

34. Multiplying a ) .^ ^^^ ^^^ ^^ } Multiplying a 

Into 6+4 > ) Into 10 

And the product 6a+4a, is the same as the product 10a. 

N. B, This shows at once the difference between multi» 
plying by a positive factor, and multiplying by a negative one. 
In the former case, the sum of the repetitions of the multi- 
plicand is to be added tOy in the latter subtracted froMy the 
other quantities with which the multiplier is connected. 
(Art. 41.) 



Quest. — ^What is the difference between multiplying by a positive factor 
and a negative one ? 



y Google 



Art. 85.] MULTIPLICATION. 41 

36. Mult, a+b 37. 3dij+hx |-2 38. 3A-f 3 

Into b — X mr — ab id — 6 

85. If two negatives be multiplied together, the product 
will be affirmative: — 4x — a = 4.4a. In this case, as in 
the preceding, the repetitions of the multiplicand are to be 
subtrcictedy because the multiplier has the negative sign. 
These repetitions, if the multiplicand is — a, and the multi- 
plier —4, are — a — a — a — a= — 4a. But this is to be sub- 
tracted by changing the sig^ti. It then becomes -f 4a. 

Suppose — ra is multiplied into (6 — 4). As 6 — 4=2, the 
product is, evidently, twice the multiplicand, that is, — 2a. 
But if we multiply — a into 6 and 4 separately ; — a into 6 
is — 6a, and — a into 4 is -—4a. (Art. 83.) As in the mul- 
tipli% 4 is to be subtracted from 6; so, in the product, — 4a 
must be subtracted from — 6a. Now — 4a becomes by sub- 
traction -f-4 1. The whole product then is — 6a-|-4a, which 
is equal to — 2a. Or thus, 

39. Multiplying —a I .^ ^^^ ^^^^ ^^ ^ Multiplying 



5=:S^-^ 



Into 6 — 4 ) S Into 



And the prod. — 6a-f 4a, is equal to the product — 2a. 

It is often considered a great mystery, that the product of 
two negatives should be affirmative. But it amounts to 
nothing more than this, that the subtraction of a negative 
quantity is equivalent to the addition of an affirmative one, 
(Arts. 58, 59 ,) and therefore, that the repeated subtraction of a 
negative quantity, is equivalent>.to a repeated addition of an 
affirmative one. Taking off from a man's hands a debt of 
ten dollars every month, is adding ten dollars a month to the 
value of his property. * 



Quest. — ^Explain how — into — gives +. 
4* 
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40. Multiply a — 4 into 36-»-6. 

41. Miilt. Zad^-ah — 7 into At^dy—hr. 

42. Mult. 2Ay+3»i— 1 into 4(f— 2a:-f3. 

86. Positive and negative terms may frequently balance 
each other, so as to disappear in the product. (Art. 54.) 

43. Mult, a — h 44. mm — yy 45. aa^h-^jh 
Into a+6 mm-\-yy a — b 

aa — ab 
-^b—bb 

Prod, aa • — bb. 

87. For many purposes, it is sufficient merely to indicate 
the multiplication of compound quantities, without actually 
multiplying the several terms. Thus (Art. 23,) the product of 

a-\-b^ into A+m-fy, is (a+^-f-c) x (A-fw-f y). 

47. What is the product of a-\-m into A-fa: and rf+y 7 

By this method of representing multiplication, an important 
advantage is often gained, in preserving the factors distinct 
from each other. 

Wlien the several terms are multiplied in form, the expres- 
sion is said to be expanded. 

48. What does (a+^)x(c+J) become when expanded % 
89. With a given multiplicand, the less the multiplier, .the 

less will be the product. If then the multiplier be reduced 
to nothing, the product will be nothing. Thus axO=:0. 
And if be one of any number of fellow-factors, the product 
of the whole will be nothing. 



QxTEST.—Is it always necessary actually to perform the multiplication ? 
What advantage is gained by representing it? When is an expi«». 
sion said to be expanded ? When you mulUply a quantity by 0, what is 
the product ? 
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49. What is the product o{abxcx2dx0% 

50. And {a+ b) x (c-f (f) xih—m) xO% 

From the preceding principles we derive the following 

GENERAL RULE FOR M XT L TIP L I C AT I N . 

90. Multiply the letters and co-efficients of each term in the 
multiplicand, into the letters and co-efficienis of each term in the 
multiplier ^ and prefix to each term of the product, the sign re- 
quired by the principle, thai like signs produce -[-> t^nd unlike 
signs — ; lastly, unite snch terms as are similar. 

EXAMPLES FOR PRACTICE. 

1. Mult. a-\-3b—2 into 4a— 66— 4. 

2. Mult. 4>abxxx2 into 3my — l+A. 

3. Mult, (lah^y) x 4 into 4a? x 3 x 5 X rf. 

4. Mult. (6a6— Ac?-f 1) x 2 into (844a?—!) x d. 

5. Mult. Zay-\-y — 4,-f A into (cZ+a?) x (A+y). 

6. Mult. 6flX— (4A— rf) into (6+1) x (A+l). 

7. Mult. 7ay— 1-f A x (d—x) into — (r-|-3 — 4m). 

8. Mult. a-\-b into a-\'b into a-f-6. 

9. Mult. iT-fy into x—y into x+y. 

10. Mult. aa-{J)b into cc-\-dd into xx-\-yy, 

11. Mult. abc-^defJ^x — 7-fy into a-\J), 

12. Mult, xy — yy-f-lO into aa — 12. 

13. Mult. 4(a?+y) into 3a into 66 into 3. 

14. Mult. Z{a-\'b-\-c-\-d) into xyz into m, 

15. Mult, a— 6— c+c? into 5 x (c-f c?). 

16. Mult. xx-\-xy-\-yy into x — y. 

Quest. — ^What is the general rule for mulUplication ? 
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17. Mult, aaa — M into aaa~{J>bb. 

18. Mult, aa — ax-\^x into a-|-aL 

19. Mult, yyy — ayy-{-aay — aaa into y-|-a. 

20. Mult. 15a+2066 into 3a--4bb. 

21. Mult. 3a(a?+y)x4. into a-\-b. 

22. Mult. 21a?y— 18a-f2— 7c into 1—x. 

23. Mult. 2aa:— y into — (*4-2) into a?yz. 

24. Mult. 25-f6a3 into — (a?— y) into — 2-[-»i. 

25. Mult. aa^2ab-]-bb into a -|-ft into a-\-b. 



SECTION V. 



DIVISION. 



Art. 91. Peob. 1. A man divided 48a? peaches among 6 
boys. How many did each receive % 

If 6 boys receive 48x peaches, it is manifest 1 boy will 
receive ^ of 48x peaches; but ^ of 48a? = 48a? h- 6= 8a? 
peaches. Ans. 

2. If 8 hats cost 24a dollars, what will 1 hat cost 1 

Eeasoning as before, 1 hat will cost j of 24a dollars, viz. 
3a dollars. Ans. 

This process is called division. It consists in finding how 
many times one quantity contains another ; and is the reverse 
of multiplication. The quantity to be divided is called the 
dividend; the given factor, the divisor; and that which is rc- 
quired, the quotient. Hence, 

Quest.— What is division 7 Of what, the reverse 7 The quantity to 
be divided, called ? To divide by ? The quantity sought ? 
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Division is finding a quotient^ which multiplied into the 
divisor will produce the dividend. 

92. As the product of the divisor and qaotient is equal to 
the dividend, the quotient may he found, hy resolving the 
dividend into two such factors, that one of them shall he the 
divisor. The other will, of course, he the quotient. 

Suppose abd is to be divided by a. The factors a and W 
will produce the dividend. The first of these, being a divi- 
sor, may be set aside. The other is the quotient. Hence, 

When the divisor is found as a factor in the dividend^ the 
divi^on is performed by cancelling this factor. 

1. Divide ex hy c. Ans. x. 2. Divide dh by d. 

3. Divide drx 4. hmy 5. dhxy 6. abed 7. abxy 
By dr hm ~ dy b ax 

93. Proof. — Multiply the divisor and quotient together^ 
and the product will be equal to the dividend^ if the work is 
right. 

Thus ax-^a the quotient is x. Proof. xxa=:aXy dividend. 

94. If a letter is repeated in the dividend, care must be 
taken that the factor rejected be only equal to the divisor. 

8. Divide aab by a. Ans. ab. 9. Divide bbx by b. 
10. Div. aadddx 11. aammyy 12. cutaxxxh 13. yyy 
By ad amy aaxx yy 

In such instances, it is obvious that we are not to reject 
every letter in the dividend which is the same with one in the 
divisor. 

95. If the dividend consists of any factors whatever^ ex- 
punging one of them is dividing by it. 

Quest. — ^When the divisor is a fttctor of the dividend, how proceed ? 
Piroof ? If the letter is repeated in the dividend, what is necessary? 
If the dividend consist of any factors, what efiect has expnngin^ one of 
them? 
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14. Diride a(b+d) by a. Ans. b+d. 

15. Div. a(b+d) 16. {b-{.x)(c+d) 17. (b+y)x{d—h)x 
By b-^d 6-fa? d — h 

&6. If there are numeral co-efficients prefixed to the letters^ 
the co-efficients of the dividend must be divided by the co-efficients 
of the divisor, 

1«. Divide %ah by 26. Ans. 3a. 19. Div. l^dxy by 4iaH 
20. Div. ^bdhr 21. 12iry 22. 34^ra? 23. 20Ai» 
By dh 6 34 m 

97. When a simple factor is multiplied into a compound 
one, the former enters into etwy term of the latter. (Art. 76.) 
Thus a into b-]-d^ is ab^ad. Such a product is easily 
resolved again into its original factors. Thus ab-\-<id=z 
ax(b+d). 

25. ab-^ac-]-ah=ax(bJ^c^h). 

26. What are the factors of amh-^amx-\-amy ? 

27. What are the factors of iad+Sah+12am+4>ay7 
Now if the whole quantity be divided by one of these fac- 
tors, according to Art. 95, the quotient will be the other factor. 

Thus, (^ab+ad)-^a=b+d. 

29. (a^+ad)^(b+d)=a. Hence, 

If the divisor is contained in every term of a compound 
dividend, ii must be cancelled in each, 

30. 31. 32. 33. 

Div. ab+ac bdh+bdy aah-\-ay drx+dhx+dxy 

By a b a dx 

Quest. — If there are numeral co-efficients, how proceed? Whda 
the divisor is contained in every term of a compound dividend^ how 
proceed 7 
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34. 35. 36. 37. 

Div. 6ab+\2ac 10dry+16d 12Aa?+8 Z5dm+Udx 
By 3a 2d 4 Id 

98. On the other hand, if a compound expression contain- 
ing any factor in every term, be divided by the other quantities 
connected by their signs, the quotient will be that factor. See 
the first part of the preceding article. 

38. 39. 40. 41. 

Div. ab-\-ac-j-ah amh-\-amx-\-amy 4a6+8ay ahm'\-ahy 
By b-\^c-{-h h-{-x^y b-\-2y m+y 

99. In division, as well as in multiplication, the cau- 
tion must be observed, not to confound terms with factors, 
(Art. 77.) 

42. jThus (ab-{^c)-^a=b+c. (Art. 97.) 

43. Bui (abxac)-^a=aabc-^a^abc. 

44. Quot. of (a6+ac)^(6-fc)? 45. And abxac-^^bxc)! 

100. Signs. — In division, the same rule is to be observed re- 
speciing the signs, as in multiplication ; that is, if the divisor 
and dividend are both positive, or both negative, the quotient 
must be positive : if one is positive and the other negative, the 
quotient must be negative, (Art. 82.) 

This is manifest from the consideration that the product 
*of the divisor and quotient must be the same as the dividend. 



46. If -\-aX-hb==:+ab ] 

47. " — ax+i==— a^ I 

48. " ^ax—b=^ab | ^^^^ 

49. " —ax—b=+abj 



( +ab 
--ah. 
-ab 
+ab- 



•+b==+a 
^b=—a 
— ft=+a 
— 6=- 



QuEST. — ^What caution as to terms and factors ? The rule for the 
signs? 
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,^. 51. 52. 53. 

Dir. abx Sa—lOay Sax — 6ay 6am xdh 

By —a —2a 3a —2a 

101. If the letters of the divisor are not to be found in the 

dividend, the division is expressed by writing the divisor under 

the dividend in the form of a vulgar fraction. 

jj** d — X 

54.. Thus xy-r-a=—. 55. (d—x)-. — h=^^^. 

This is a method of denoting division, rather than an ac- 
tual performing of the operation. But the purposes of divi- 
sion may frequently he answered by these fractional expres- 
sions. As they are of the same nature with other vulgar 
fractions, they may be added, subtracted, multiplied, &c. 

102. If some of the letters in the divisor are in each 
term of the dividend, the fractional expression may be ren- 
dered more simple, by rejecting equal factors from the nu- 
merator and denominator. 

56. 57. 58. 

Div. ab dhx ahm — Say 
By ac dy ab 

N. B. These reductions are made upon the principle, that 
a given divisor is contained in a given dividend, just as many 
times as double the divisor in double the dividend ; triple the 
divisor in triple the dividend, &c. 

103. If the divisor is in some of the terms of the divid^Eid, 
but not in all, those which contain the divisor may be divid- 
ed as in Art. 92, and the others set down in the form of a 
fraction. 

Quest.-— If tbe letters of the divisor are not foand in the dividend, how 
proceed 7 If some of the letters in the divisor are found in each term of 
the dividend ? If the divisor is in some of the terms d* the dividend^ but 
notinaU? 



Digitized by VjOOQIC 



59. 


60. 


ab+bx 


2am 


by 


2xy 



Arts. 101-105.] nvisKW. ^^>;^ ^ " "51 

61. Thus («6+d)-« is either ^±1 or fl^;5^SS;^ 

62. 63- 64.. 65. 

Div. dxy+rx — hd ^^^h+ad+x hm-^-^y 2my+dh 
By a? a — b 2m 

104. The quotient of any quantity divided by itself or iis 

equaly is obviously a unit. Thus >=sl. 

a 

67. So, !f?==i. 68. -L.. 69.H±Z?1 

3(zar 4+2 a-)-3— 3A 

70. 71. 72. 73. 

Div. ax-\-x Sbd^Sd 4aa?y— 4a-f 8a(f 3aft-|-3 — 6m 

By X 3d 4a 3 

Cor. If the dividend is greater than the divisor, the quotient 
must be greater than a unit: but if the dividend is less than 
the divisor, the quotient must be less than a unit. 

74. Divide 25 by 5. Ans. 5. 75. -1=1 Ans- 

^ 20 5 

DIVISION BY COMPOUND DIVISORS.* 

105. Ex. I. Divide ac+hc+ad-\-bd^ by a+b. 

a+b)ac+bc+ad+bd{c-\-d 

ac-|-5c, the first subtrahend. 



ad+bd 

ad+bd^ the second subtrahend. 



QxTzsT. — To what is tke quotient of any quantity divided by itself^ 
equal ? Corollary ? 

* The reason for inserting this article in the present plaee, may be 
learned from the preface. 
5 



Digitized by VjOOQIC 




[Sect. V. 

.e dividend, is divided by a, the 
t. 92,) which gives c for the first 
itiplying the whole divisor by this, 
>tracted from the two first terms of 
,0 remaining terms are then brought 
of them is divided by the first term of 
/e. This gives d for the second term of 
/en multiplying the divisor by dy we have 
ad+bd to be suotracted, which exhausts the whole dividend 
without leaving any remainder. , (Art. 98.) 

The rule is founded on this principle, that the product of 
the divisor into the several parts of the quotient, is equal to 
the dividend. (Art. 91.) 

106. Before beginning to divide, the terms should be so 
arranged that the letter , which is in the first term of the divisor , 
shall also be in the first term of the dividend. If this letter is 
repeated as a factor , either in the divisor , or dividend, or in bothy 
the terms should be arranged in the following order ; put that 
term first, which contains this Utter the greatest number of 
times ; the term containing it the next greatest number oftimeSy 
next, and so on, 

2. Divide 2aab+bbb'^2abb+aaa by aa-^bb+ab. 
If we take aa for the first term of the divisor, the other 
terms must be arranged according to the number of times a 
is repeated as a factor in each.* Thus, 

aa+ab+bb)aaa+2aab-i'2abb+bbb(a+b 
aaa+ aab+ abb 



aab+ abb+bbb 
aab+ abb-^bbb 



Quest. — ^When the divisor and dividend are both compound quantities^ 
how anunge the terms ? 
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N. B. The strictest attention must be paid to' the rtJet fof 
the signs in subtraction, multiplication, and division. (Arts* 
60, 82, 100.) 

3. Divide xx—^xy-^-yy^ by x—y. 

4. Divide aa—bb, by a-|-6. 

5. Divide bb-j-2bc-^ccy by b-{-c. 

6. Divide aaa-^xxXy by a-^-x, 

7. Divide '2<ix^2aax—3aaxy-^6aaax-\-axy—xyy by 2a— y 

8. Divide a^-^— c—aa?— 6a:*J-ca?, by a-j-ft— c. 

9. Divide ac-\-bc-\-ad^bd-^Xj by a+3. 
10. Divide ad—ak+bd—bh-\-yy by (/—A. 

107. From the preceding principles we derive the following 

GENERAL RULE FOR DIVISION. 

I. Division, in all cases, may Jc expressed by writing the 
divisor under the dividend in the form of a fraction, 

II. When the divisor and dividend are both simple quantities, 
and have letters or factors common io each ; divide the co-effi' 
dent of the divisor by that of the dividend, and cancel thefac^ 
tors in the dividend which are equal ia those in the divisor, 

III. When the divisor is a simple, and the dividend a com-- 
pound quantity ; divide each term of the dividend by the divi- 
sor as before ; setting down those terms which cannot be divide 
ed in the form of a fraction, 

IV". If the divisor and dividend are both compound quanti' 
ties, arrange the terms according to Art. 106. 

To obtain the first term in the quotient, divide the first term 
of the dividend by the first term of the divisor. Multiply the 
whole divisor by the term placed in the quotient ; subtract the 

Quest. — What is the general rule for division ? 
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ffoductfram the dividend ; mnd to the remainder^ bring 3otBn 
MS many of the foUowing terms as shall be necessary to con^ 
tinue the operation. Divide again by the first term of the divi' 
sory and proceed as before^ till all the terms of the dividend are 
brought down* 

V. Signs. — If the signs in the divisor and dividend are 
AUKE, the quotient will be-^-i if umlike, the quotient will he — . 

EXAMPLES F^R PRACTICE. 

1. Divide 12aiy-J-6aia?— 18&^»i+246, by 6d. 

2. Divide 16a— 12-f8y+4— 20<w/a?+j7i, by 4.. 

3. Divide (a— 2A) x (Sm+y) x a?, by (a— 2A) X (3»i+y.) 

4. Divide aAiw*aJ-|-3ay— a, by >W— 4J-f-3y — 1. ' 

5. Divide ax — ry-\^ — 4my — ^-^-a^ by — a. 

6. Divide amy-f3»iy— fwa?y-|-ai» — rf, by — dmy. 

7. Divide ar(^-6a+2r— Ad-fG, by 2ard. 

8. Divide Qax — 8+2a?y-|-4 — 6Ay, by ^axy. 

9. Divide 16a&ca?— 12a?yaft+24a3a?rf— 36flAgi, by M). 
lOr Divide 21aa^442c(iaraa-|^14aaa — 35aaaa6, by 7aa. 

11. Divide 12abxyz — 6hdabxy-^24fXyabmy by Sabxy, 

12. Divide 3aa?— 365ir+42— 72ca?-|-30(Kr, by 3a?. 

13. Divide 40a6— 4(x+y)+72+12(a+6)+48c, by —4. 

14. Divide abx-^cdx+Sgx ^x, by ab — c(/-|-8g4-l. 

15. Divide 24a?yz—36c(i—48ff6cf/, by 12a?yz—18cJ—24a^<i 

16. Divide — ab — ad-^-ax(a-\-b) — 42aa?y-|-aft, by — a. 

17. Divide 6am— l0aA+20—12c(;+17a, by— 2fl». 

18. Divide xyz+ex+2z^l-h2xyz{a+b), by 6xyz. 

19. Divide —6ac— 125c— 6a5— 10— 2aaWcc, by— 6a6c. 

20. Divide 18a^a:-f.l6a6ap — 206*c»i+24a6, by 2ft. 
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21. Divide 16x—2i>+Sa+S4> — 20aa?— o, by —4. 

22. Divide (ir--y)x(3a+a?)x^ by (a?— y) x (3a+a). 

23. Divide 41d x (4— a) X (a?+y), by (4— a) X 41(/. 

24. Divide — 40a?y+7a^j? — 3aAma?, by — 4.0y+7a6 — Zahm. 

25. Divide 20(a6-M)— 60(a5+l)+50(a*+l), by 5a. 

Examples of Compound Quantitiei* 

26. Divide 6ax+2a?y — dab — by+3ac+cy+hy by 3a+y. 

27. Divide «a5— 3aa4-2a6— 6 a— 46+22, by 6— 3. 

28. Divide &6+36c+2cc, by ft+c. 

29. Divide Saaa — bbb, by 2a — 6. 

30. Divide xxx — 3axx-{-3aax — aaa^ by a?— a. 

31. Divide 2yyy— 19yy4-26y— 16, by y— 8. 

32. Divide xxxxxx — 1, by x — 1. 

33. Divide 4ixxxx — dxx-^-Qx — 3, by 2ra?-}-3a? — 1. 

Note. — For examples in dividing compound quantities in 
which the indices are used, see Art. 194, Exs. 23-40, and 
Art. 196. 



SECTION VI, 

FRACTIONS. 



Art. 108. Fractions in algebra^ as well as in arithmetic, 
have reference to parts of numbers or quantities. The term 
is derived from a Latin word, which signifies broken. Thus 

g IS iaj - IS ib'y -J IS fa; and y is 4a?. 



Quest.— What are fractions ? From what is the term derived? The 
meaning of it? 

5» 
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109. Expressions in the form of fractions occur more fre- 
quently in algebra than in arithmetic. Jtfost instances in 
dirision belong to this class. Indeed the numerator of 
every fraction may be considered as a dividend^ of which the 
denominator is a divisor. 

110. The value of a fraction, is the quotient of the nume- 
rator divided by the denominator. 

6 ah 

Thus the value of j: is 3. The value of -r is a. 
2 

111. From this it is evident, that whatever changes are 
made in the terins of a fraction, if the quotient is not altered, 
the value remains the same. For any fraction, therefore, 
we may substitute any other fraction which will give the same 
quotient. 

^^ 4 10 Ua Sdrx 6-[-2 . ^ , . . 

Thus -=^=_=^^=:_,&c. For the quotient m 

each of these instances is 2. 

1 12. It is also evident from the preceding articles, that if 
the numerator and denominator are both multiplied] or both 
divided^ by the same quantify, the value of the fraction will not 
be altered. 

Thus f =1^, each term being multiplied by 9 5 and ^= 

^=:f , each term being divided by 3, and that quotient by 3 

^ bx abx Sbx ibx \abx . 
agam. So _=_=_=_=_. for the quotient 

in each case is x. 

113. Any integral quantity may, without altering its 
vahiej be thrown into the form of a fraction, by making 1 the 
denominator ; or by multiplying the quantity into any proposed 

QirssT. — ^Are fractions in arithmetic or algebra the more frequent? 
When division is expressed in the form- of a fraction, where do yon 
place the divisor ? What is the value of a fraction 7 If the nioaerator 
and denominator are both multiplied, or both divided by the same quan- 
^, how is the value affected 7 How put an integer into the form of a 
fraction 7 
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denominator^ and the prodaet wUl be the numerator of thefrae* 
tion required. 

Thus a=?=??=?^±?i=5^ The quot. of each is a. 

1 b d^h ^dh 

Sod+k= ^+^ . Andr+l^^+^r 
X 2dr 

114. Signs. — (1.) EacA sign in the numerator and denomi- 
nator of a fraction, affects only the single term to which it 
is prefixed. 

(2.) The dividing line answers the purpose of a vinculum^ 
u e. it connects the several terms of which the numerator 
and denominatqr may each he composed. 

The sign prefixed to it, therefore, affects the whole fraction 
collectively. It shows that the value of the whole fraction is 
to he subjected to the operation denoted by this sign. 

(3.) Hence, if the stgn before the dividing line is changed 
from + ^0 — > or from — /o +, the value of the whole fraction 
is also changed. 

The value of — is a. (Art 110.) But this will become 
b 

negative if the sign — is prefixed to the fraction. Thus, 

y+?L=y+o. But y^—=y--a. 
o o 

Note.— There is frequent occasion to remove the denomi- 
nator ; also to incorporate a fraction with an integer, or with 
another fraction. In each of these cases, if the sign — - is 
prefixed to the dividing line, all the signs of the numeratof 

Quest. — How far does the effect of each sign in the numerator and 
denominator extend t How far, the sign prefixed to the dividing line f 
What does it show ? "When this sign is changed,' what is the eStsX 1 If 
the sign — is prefixed to the fraction, and you wish to remove the. dejioooL- 
nator, or to incorporate the fraction with on integer, <nr with ^notlver 
fraction, whatmiist you do ? 
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must be changed^ as in Art. 66, where a parenthesis, having 
the sign — before it, is removed. 

Thus b~^^±^ is 6-rf-A 5 and 6-^~°^=^-J+A. 
a a 

(i.) If all the signs of the nuwterator are changed^ the value 

of the fraction is changed in the same manner. 

Thus ?*=+«, (Art. 100 5) but ^- 

b ^ 

a— c; but ""^ "^ — =z—a+c. 
b 

(5.) Again^ if all the signs of the denominator, are changed^ 

the value is also changed. 

Thus ?^=+a5 but-^=-a. 

1 15. If then the sign prefixed to a fraction^ or all the signs 
of the numerator y or all the signs of the denominator^ be chang- 
ed; the value of the fraction will be changed^ from positive to 
negative^ or from negative to positive. 

116. If any two of these changes are made at the same time^ 
they will balance each other^ and the value of the fraction will 
not be altered. 

ThuS'by changing the sign of the numerator, 

— =+a becomes H — =— a. 
6 . b 

But by changing both the numerator and denominator, it 
becomes ^ — =+«, where the positive value is restored. 
By changing the sign before the fraction, 

y+ =:y-{-a becomes y— — =y— a. 

QvxsT. — If all the signs of the numerator^ or of the denominator^ or the 
sign befinre the firaction are changed, what is the effect ? What is the 
iffiDCt when any two of these changes are made at the same time? 
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But by changing the sign of the namerator also, it becomes 

y r-, where the quotient — a is to be subtracted from y, 

or which is the same thing, (Art. 59,) -j-a is to be added^ 
making y-|-a as at first. 

6_~6 —QQ 

6—6 6 -6 

And:z2=-x^ r--:::^ — ^- 

Hence the quotient in division may be set down m different 

a — c a c 
ways. Thus (a — c)h-^, is either r+"^> or T — r- 

The latter method is the more common* See the examples 
in Art. 103. 

EEDtrCTION OF FRACTIONS. 

117. A FRACTION may be reduced to lower terms, by dividing 
both the numerator and denoTninator, by any quantity which will 
divide them without a remainder, 

Recording to Art. 112 this will not alter the value of the 
fraction. 

1. Eeduce — to lower terms. Ans. ~. 

cb c 

2. Eeduce -^rj-. 3. Eeduce- — , 

Say Imr 

4. Eeduce -i? — . 5. Eeduce ^**"^ . 

{a-\.bc)xm bm'\'by 

N. B. If a letter is in every term, both of the numerator 
and denominator, it may be cancelled, for this is dividing by 
that letter. (Art. 97.) Thus, 



Quest. — ^How reduce a fraction to lower temu ? 
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6. Reduce ^^^. Ans.*?^. 7. Reduce p^. 
ad'\-ah a-f-A any— ay 

If the numerator and denominator be divided by the great- 
est common measure^ it is evident that the fraction will be 
reduced to the lowest terms. For the method of finding the 
greatest common measure, see Art. 195, a. 

118. To reduce fractions of different denominators to a 
common denominator. 

Multiply each numerator into all the denominators except its 
ei9m for a new numerator ; and all the denominators together^ 
for a common denominator, 

8. Redace r. and -u and — to a common denominator. 

axdxy^ady ) 

cxhx y=^cby > the three numerators. 

mxbxd=mbd ) 

hxd xy=^bdy the common denominator. 

The fractions reduced are rr^j rr- and -7-5-. 

bdy bay bay 

N. B. It will be seen that the reduction consists in multi- 
plying the numerator and di^nominiator of each fraction, into 
all the other denominators. This does not alter the value. 
(Art. 112.) 

^ „ , cfr , 2A , 6c 

9. Keduce 5—, and — , and — to a common denom. 

10. Reduce o> a^d "> and -—^ to a common denom. 

o X d-^-h 

1 1. Reduce , , and - — r to a common denom. 

a-^-o a — 



QiTEST. — How to a common denominator 1 Does this alter the value 
of each fraction ? Why not ? 
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An integer and a fraction are easily reduced to a common 
denominator. (Art. 113.) 

12. Thus a and - are equal to -• and -, or — and-» 

C 1 c c * c 

13. Reduce a, 5,1, i 14. Reduce ^44 

my b d f 

15. Reduce — , JL — 16. Reduce h. ~, -. 

T^5? 2 y 2 

17 Reduce ?, ^ ?i, 1. 18. Reduce ??, i-, 1 

a z y ^ a 4c 5 

19. Reduce -, 5, 5?^ 1. 20. Reduce i^, 17, l, a?, i.. 
5 7 y 2 0? € ^ 

119. To reduce an improper fraction to a whole or mixed 
quantity. 

Divide the numerator by the denominator^ as in Art. 103. 

21. Thus ±t^^=a+m^ 

b b 

22. Reduce ^^-^>^y-^^ to a mixed quantity. 

120. To reduce a mixed quantity to an improper fraction. 
Multiply the integer by the given denominator^ and add the 

given numerator to the product. (Art. 113.) The sum ivill be 
the required numerator ; and this placed over the given denomu 
nator will form the improper fraction required, 

N. B. If the sign before the dividing line is—, all the signs 
in the numerator must be changed. (Art. 114, note.) 



Quest. — ^How reduce an improper fractioQ to a whole or mixed qnan 
tity 7 How reduce a mixed quantity to an improper fraction ? When the 
Sign — is before the dividing line, what must be done ? 
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23. Reduce a+- to an improper fraction. Ans. ■■ 7" . 
b 

b a-4-6 

5Mf. Reduce a* • 25. Reduce a? — -^XI, 

c c 

26. Reduce ah—^^. 27. Reduce ax' 



X d 

r c 

28. Reduce m+d—- — j. 29. Reduce b—' . 

• A — d a — y 

121. To reduce a compound fraction to a simple one. 
Multiply all the numerators together for/i new numerator^ 
and all the denominators for a new denominator. 

30. Reduce ?of-?L-. ^ Ans. ^"^ . 

7 b+2 * 76+14 

31. Reduce ? of i of J+L . 32. Reduce - of - of JL. 

3 5 2a— in '^ 7 3 8-a 

EXAMPLES FOB PRAiSTICE. 

1. What is the value of ?^ % 

2axy 

2. What is the value oi^^tS^% 

abcdf 

3. What is the value oi — x4i\ 



4. What is the value of l^~4a? % 

a 

5. What is the value of when the denom. is x4 1 

2a 

6. What is the value of ^ when the denom. is-=-6aa? 1 

24007 

QtJESt. How reduce a compound fraction to a simple one ? 
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7. What is the value of -7^: — when both numerator and 

34a 

denominator are X 2d 1 

6abc4-l^bx 

8. Reduce tf-, to a whole 6r mixed number. 

2ao 

« ^ , 24kry — 4f8ax , , . , 

9. Reduce — r^- to a whole or mixed number. 

^ ■« 1 ah-}-e4'dx4-ax4-dm , , . , ^, 

10. Reduce ■ ■ = — to a whole or mixed No. 

Reduce the four next examples to the lowest terms. 
abc 3xy .^/^&h ' ,. aaxy—aab 

aac I2xyy.^ ^ ab-^bx ^ , .i-^ac-\abc 

^ ax d'^ ♦» " ■^' 

15. Reduce — and -7 to a common denominatpr. 

y d 

16. Reduce 7, j, - and - to a common denominator. 

b d' g y 

b-X-c 

17. Reduce a — to an irngfopet fraction. 

X — V 

18. Reduce a-\-b— to an improper fraction. 

2 /z c X 

19. Reduce 7? of ^ of j of - to a simple fraction. 

• 3 b d y '^ 

2 2a? ^ah ^ 2c . 4rfa? ^ abc ^ 

20. Reduce ^ of ±3 of -^ of - of -^^ of ^ to a 

simple fraction. 



ADDITION OF FRACTIONS. 

122. Rule. — Reduce the fractions to a common denominator ; 
then add their numerators^ and place the sum over the common 
denominator. 



Quest. — ^How are fractions added T 
6 
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EXAMPLES. 



1. Add and — of a pound. Ans. --tZ or — 

16 Id 16 16 



2. Add ? and ^ First reduce them to a common denomio 

6 d 

nator. They wiU then be — and _^, and their sum, f~i-£. Ans. 
. bd bd bd 

3. Given HI and ^t_, to find their sum. 



4. Given - and - 



3h 
b — m 



6. Given - 



a+b 



■ and 



y 

b 



a — b 



8. Add =:! to zd^. 

2 7—3 



10. Add 



2xy hx . ax , 2 



5. Given ? and 



7. Add^^toZZ^. 
d m — r 

9. Addl?,5£toi?. 
b' d 3x 



11. Add o-l — , C+-, XV and 

^^2 ^x ^ 4 



12. Add 42 — ?^, a- 
c 



3x "^ 3x 



13. Add ?£ _f=y, iL, £W? and !£^ 

2c c 2c xy Ac 

14. Add 2a+x, !^±1£ and - ^^^^^^ 

^ ' 2 b 

123. For many puiposes, it is sufficient to add firactions in 
the same manner as integers are added, by writing them one 
after another with their signs. (Art. 47.) 

duEST. — What other way is mentioned 1 
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15. Thus the sum of f! and ? and - / , is t+^^J-. 

b y 2j»' b ' y 2w 

124. To add fractions and integers. 

Write them one after another with their signs ; or convert 
the integer into a fraction^ (Art. 113,) and then add their nu* 
merators, 

16. What is the sum of a and _ \ 

m 

17. What is the sum of U and ^±ll 

fn—y 

18. What is the sum of 5a? and ^+^^1 

c 



SUBTBACTION OF FRACTIONS. 

125. KuLE. — Change the signs of the fractions to be sub* 
tracted from -|- to — ^ and from — to -\-) and then proceed as 
in addition of fractions. (Art. 122.) 

1. From - subtract - . 
b m 

First^ Reduce the fractions to a common denominator, 

' axm=amy the numerator of the minuend. 

Thus, ' hxh =bh, the numerator of the subtrahend. 

bxm=bm, the common denominator. 

The fractions become — and--. 
bm bm 

Second J Change the sign before the dividing line of the 

t_^ 1. J am bh 

subtrahend, as _ -— . 

bm bm 

Quest.— How are integers and fractions added ? What is the rule for 
tnbtraction effractions 7 What sign do you change 7 
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Thirds Unite the terms as in addition of fractions; 

thus, -_ = — ^ Ans. 

om om bm 

2. From ^dlS. subtract i. 

r a 

3. From - subtract . 



m y 

4. From f+i^ subtract ?1=^. 

4 3 

5. From subtract . 

m y 

6. From ±tl subtract ^ni. 

d m 

3 4 

7. From - subtract — 

a b 

126. Fractions may also be subtracted, like integers, by- 
setting them down, after their signs are changed, without 
reducing them to a common denominator. 

8. From^ subtract—^. Ans.^+^. 

m y m y 

127. To subtract an integer from a fraction, or a fraction 
from an integer. 

Change the sign of the subtrahend^ and write it after the 
minuend / or^ throw the integer into the form of a fraction^ 
(Art. 113,) and then proceed according to the general rule 
for subtraction of fractions, 

10. From- subtract wi. Ans. rn = "^ .- y . 



QuxsT.— How subtract an integer from a firaotion, or a fraction faxm an 
integer? 
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11. From 4a+- subtract 3a--* 

' c d 

12. From 1+ ^ZZl subtract fzl. 



13. From a-f3A— ftl* subtract 3fl— A+lti. 

A 3 

14. From 511::^ take ±tl 15. From ?d± take £=1 

be (By 

16. From --^ take -J—. 17. From a— - take—. 
b — X d-\-y y 2 

18. From x-\-y take f^zi. 19. From 5=1^ take .55=1 
' c 10 a?+y 

20. From ^-i?i:?itakei^=^+a. 
2 3 



MULTIPLICATION OF FEACTIONS. 

128. By the definition of multiplication, multiplying by a 
fraction is taking a part of the multiplicand as many times as 
there are like parts of an unit in the multiplier, (Art. 71.) 

3 

Suppose a is to be multiplied by _. 

4> 

A fourth part of a is -. * 

This taken 3 times is * ^+_.+-.=-_.. 

4f 4 4 4 

130. Hence, to multiply a fraction by a fraction.^ 

Multiply the numerators t(^ether for a new numerator^ and 

the denominators together for a new denominator* 

Quest. — ^What is meant by multiplying by a fractioa? Rule to mnlti- 
Tfij a fraction by a fraction ? 
6* 
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1. Multiply — into . Ans. . 

c %m 2cm 

2. Multiply^ into *^ 



m — 2 



3. Multiply (^J^I^A i^to ^ . 

3 («— ») 

4. Multiply ^Lh^ into ±l!!L. 

5. Multiply _J_ into 1 

6. Multiply?, 4 and ^. 

bay 

7. Multiply ??,^,^ and ' 



tn y c r — 1 

8. Multiply i±^ 1 and -A. 

^^^PA r+2 

9. Multiply ?^fiZ:5 and 1 

131. TAc multiplication may often be shortened^ by rejecting 
equal factors from the numerators and denominaiors, 

10. Multiply - into * and -. Ans. ^. 

ray ry 

Here a, being in one of the numerators, and in one of the 
denominators, may be omitted. If it be retained, the product 

will be . But this reduced to lower terms, by Art. 117, 

ary 

will become — as before. 

^y 

Quest. — ^How shorten the process^ when the numeratora and denomi- 
luUors contain equal factors ? * 
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11. Multiply f^ into ^ and ^. 

m 3a ^ 

12. Multiply ±ti into ^. 

13. Multiply fH^ into A and ^ 

Km 5a 

132. To multiply a fraction and an integer together. 
Either multiply the numerator of the fraction by the integer ^ 

or divide the denominator by the integer. 

U. Thus ^xa is ^ For a=?; and Ix^^^. Ann. 
y y 1 1 y y 

15. Multiply — into a« Dividing the denominator by a, we 

ax 

have a^, 

X 

And multiplying the numerator by a, we have 5!^. But 

ax 

?^-_~^, which is the same result as before. 
ax X 

133. ./^ fraction is multiplied into a quantity equal to its 
denominator^ by cancelling the denominator. Thus, 

16. ?x6=a. For ?x^=^. But the letter ft, being in 
b b b 

both the numerator and denominator, may be set aside. 

17. Mult. J^ into (o— y). 18. Mult.i+M into (3+wi). 

a — y Z-^m 

N. B. On the same principle, a fraction is multiplied into 
axxy factor in its denominator, by cmcelUfng that factor. 

19. Mult. — into y. 20. Mult. A into 6. 
by 24 

Qttest.— How multiply a fraction and ani integer ? How by a quantity 
equal to iti denominator ? 
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BXAMPLBS FOE PRACTICE. 

1. Multiply I ^ .-1 ^- «• """• l »•« S 

3. M.i.. |i..4'. 4.MuU.^-».o8. 

5. Mult. °+^ into 5x. 6, Mult. - into ^ into ^ 



20a;+25a!y 



X 3 b 



7. Mult. J*Hi into 3±b?. 8. Mult. ?=^into _1L 

3x+y a6ccl « a— o 

9. Mult. ?xf x!x *. 10. Mult.f±* into?=l 

b d 4, a 4 3 < 

11. Mult, axt x6x. 12. Mult, ^x^xl 

3a? 307 8a 4 

-DIVISION OF FRACTIONS. 

134. To divide a fraction by a fraction. 
Invert the divisor^ and then proceed as in multiplication 
of fractions. (Art. 130.) 

1. Divide? by 1 Ans.?x-=^ 

b ^ d b c be 

To understand the reason of the rule, let it be premised, 

that the product of any fraction into the same fraction inverted, 

is always a unit. 

Thusfx*=^=l. And^X^==l. 

a ab ^+y '^ 

But a quantity is not altered by multiplying it by a unit. 
Therefore, if a dividend be multiplied, first into the divisor 
inverted, and then into the divisor itself, the last product will 



Quest. — How divide one fraction by another? Eiplain the reason 
^ of the rule 7 
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be equal to the dividend. Now, by the definition, (Art. 91,) 
" division is finding a quotient, which multiplied into the 
divisor will produce the dividend." And as the dividend 
multiplied into the divisor inverted is such a quantity, the 
quotient is truly found by the rule. 

2. Divide^ by |. ^^^'Td'^Wi-^' 

3. Dmde — ^by — . 4. Divide by — . 

5. Divide -^ by — . 6. Divide -^ by -^. 



7. Divide — 7-^ by — r-:. 
4 ^ a-j-l 



135. To divide a fraction by an integer. 

Dirndl the numerator by the given integer^ when it can be 
done without a remainder ; but when this cannot be done^ muU 
iiply the denominator by the integer* 

8. Thus the quotient of -r- divided by m, is 7-. 

^•^'^•^''y*- ^'"'■Ih^- 10.Div.|by6. 

136. To divide an integer by a fraction. 

Reduce the int^er to the form of a fraction, (Art. 113,) 
and proceed as in Art. 134?. Or, multiply the integer by the 
denominator, and divide the product by the numerator. 



QussT. — How many ways to divide a fraction by an integer ? What 
are they ? How does it appear, that multiplying the denominator diyides 
a fraction ? How divide an integer by a fraction ? 
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c a c ad c axd ad 

11. Dir. aby^ = Y-i-5--7- ^''^^5--r'^T- 

12. Div. «y by ■^. 13- Div. aJ+cxby -j^^ " 

a 
14. Div. 3ac — a?by g. 

136.a. By the definition, (Art. 32,) "the reciprocal o[ a 
quantity is the quotient arising from dividing a unit by that 
quantity." 

Therefore the reciprocal of-isl-T-^«alX- = -. That 

is, 

The reciprocal of a fraction is the fraction inverted. 

Thus, the reciprocal of ^-p- is ^y^ 5 the reciprocal of 

is -J[ or 3y ; the reciprocal of J is 4. 

Hence the reciprocal of a fraction whose numerator is 1, 
is the denominator of the fraction. 

Thus, the reciprocal of - is a ; of --rT» is «+^> ^^* 

EXAMPLES FOR PRACTICE 

1. Divide by 3ao. 

X — y '' ' 

^. ., lOaxx+lbabx^ ^ 

2. Divide -^ — ^^;^ by 5aa?. 

3. Divide ^"*" by 3a. 



QiTEST. — ^What is the reciprocal of a fraction ? 
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5. Divide 2±i by i 

6. Divide JL by _y_ 

3a6 "'4 + 2OT 

7. Divide f±* by _*_ 

3 'a— A 

8. Divide ±HL by*. 

a a 

9. Divide Sgft— Say . ofr— 2jy 

6 ' 2 

10. Divide 21a4c byZfl 
U. Divide &ry by Hf*. 

12. Divide ISoiT by ^^'^—V) 

13. Divide ^^(''+^) hy ^^-y) 

3 "'2m 

I 

U. Divide 2«4i^byx+^. 



71 



SECTION VII. 

SIMPLE EQUATIONS. 

137. Most of the investigations in algebra are carried on 
by means of equations. In tlie solution of problems, for ex- 
ample, we represent the unknown quantity, or number sought 
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by a certain letter ; and then, to ascertain the value of this 
unknown quantity, or letter, we form an algebraic expression 
from the conditions of the question, which is equal to some 
given quantity or number. Thus, 

A drover bought an equal number of sheep and cows for 
$840. »He paid $2 a head for the sheep, and $12 a head for 
the cows. How many did he buy of each 1 

OPERATION. 

Let a7=the number bought of each. 

then 2a^=the price of all the sheep. 

and 12a?= " " cows. Hence, 

2x+ 1207=840 by the conditions. (Ax. 9.) 
14a?=840 by uniting the x's. 

and jr=60, the number bought of each. 

It will be perceived that the unknown quantity or number 
soughtf is represented by the letter x ; and from the condi- 
tions of the problem we obtain the quantity 14a?, which is 
equal to the given quantity $840. This whole algebraic ex- 
pression, 14a? =$840, is called an equatian. Hence, 

138. •dn EQUATION is a proposition expressing in algebraic 
characters the equality between one quantity or set of quaniities 
and another^ or between different expressions for the same 
quantity. 

This equality is denoted by the sign =, which is read 
" is equal to," or " equals." Thus, X-\-a^b-\-c ; and 5-f 8 = 
17 — 4, are equations in which the sum of x and a is equal to 
the sum of b and c ; and the sum of 5 and 8 is equal to the 
difference of 17 and 4. 



Quest. — How are investigations generally earned on in Algebra? 
What is an equation 7 What are the members of an equation 7 
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The quantities on the two sides of the sign = are called mem- 
bers of the equation 5 the several terms on the left constituting 
the first member, and those on the right the second member. 

139. When the unknown quantity is of the first power, as 
3x, the proposition is called a simple equation ; or an equa- 
tion of Xhe first degree 

140. The reduction of an equation consists, in bringing the 
unknown quantity by itself on one side, and all the known 
quantities on the other side, without destroying the equality of 
the members. 

To effect this, it is evident that One of the members must 
be as mlich increased or diminished as the other. If a quan- 
tity be added to one, and not to the other, the equality will 
be destroyed. But the members will remain equal. 
If the same or equal quantities be added to each. Ax. 1. 
If the same or equal quantities be subtracted from each. Ax. 2. 
If each be multipliedhy the same or equal quantities. Ax. 3. 
If each be divided by the same or equal quantities. Ax. 4. 

14<0.a. The principal reductions in simple equations are 
those which are effected by transposition, multiplication and 
division. 

REDUCTION OF EQUATIONS BY TRANSPOSITION. 

141. In the equation x — 7=9, the number 7 being con- 
nected with the unknown quantity x by the sign — , the one 
is subtracted from the other. To reduce the equation, let 
7 be added to both sides. It then becomes x — 7+7=9+7. 
(Art. 59.) 

The equality of the members is preserved, because one is 
increased as much as the other. (Axiom 1.) But on one 



Quest. — ^What is a simple equatiou ? In what does the reduction of an 
e<ination consist ? How are ihe principal reductions effected ? 
7 
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side, we have — 7 and +7. As these are equal, and have con- 
trary signs, they balanct each athefj and may he cancelled. 
The equation will then he x = 9+7. (Art. 54.) 

Here the value of a? is found. It is shown to he equal to 
9-[-7, that is to 16. The equation is therefore reduced. The 
unknown quantity is on one side by itself, and all the known 
quantities on the other side. 

In the same manner, if ac— 6=a 

Adding b to both wdes x—b-\-J)=a'{-b 

And cancelling (— *+^) a;=a-\-b. Hence, 

142. When known quantities are connected with the unknown 
quantity by the sign -f- or — , ^Ae equation is reduced by trans- 
posing the known quantities to the other sids^ and prefixing the 
contrary s^n. 

This is called reducing an equation by addition or subtrac- 
tiony because it is, in effect, adding or subtracting certain 
quantities, to or from each of the members. 

1. Eeduce the equation a:-j-35— iw=4— rf 
Transposing -|-36 we have x—m=Ji — d — 3b 
And transposing — »i, x=h — d — 35-j-m. 

143. When several terms on the same side of an equation 
are alike^ they must be united in one, by the rules for reduc- 
tion in addition. (Arts. 50, 51.) 

2. Reduce the equation :zr-)-56— 4^=76 
Transposing bb — 4A x=^b — 564-4A 

Uniting lb — 5A in one term a?=:26+4A. 

144. The uhknotsn quantity must also be transposed, when- 
ever it is on both sides of the equation. It is not material 
on which side it is finally placed. 

Quest. — Rule to reduce an equation by transposition ? How does it 
appear that this does not destroy the equality of the members ? When 
several terms are alike, what must be done ? When the unknown qvaii* 
tity is on both sides of the equation, what ? 
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3. Reduce the equation 2x+2h==h+d+Sx 
By transposition, 2A— A — d=2x — 2x 

And A — d=x» 

145. Wnen the same term^ with the same sign, is on opp<h 
site sides of the equation, instead of transposing, we may ex- 
punge it from each. For this is only subtracting the same 
quantity from equal quantities. (Ax. 2.) 

4. Reduce the equation w+Zh-^-drzzh+Sh+ld 
Expunging 3A «-f^=6-|-7J 

And x=b-\'6d. 

146. As all the terms of an equation may be transposed, 
or supposed to be transposed, and it is immaterial which 
member is written firsts it is evident that the signs of all the 
terms may be changed^ without affecting the equality. 

Thns, if we have x — b=d — a 

Then by transposition, • — d'{-a= — a?-f-ft 

Or, inverting the members, — x-\-b= — d-^-a. 

147. If all the terms on one side of an equation be trans- 
posed, each member will be equal to 0. 

Thus, if ap+ b=d^ then x^b — d=0. 

5. Reduce a+2d? — B=b — 4+a74-«. 

6. Reduce y-^-ab — Am=a-\-2y — ab-\-hm. 

7. Reduce A+30+7a?=8—6A+6a?— J-|-5, 

8. Reduce 6A+21— 4a?+<i=12— 3a?+J— 76A. 

9. Reduce 5a?+10+fl=25-f4a?+a. 

10. Reduce 5c+2x4.12— 3=a?4.20+5c. 

11. Reduce a+6 — 3ap==2d-fa---4x+6. 

12. Reduce ap-f3— 2j?— 4=34+3a? — 4— 5a:. 



Quest. — When the same term with the same sign is on opposite sides, 
what 7 What is the effect when all the signs of both members are changed 
at the same time 7 If all the terms on one side are transposed to the 
other, to what is each member equal 7 
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REDUCTION OF EQUATIONS BY MULTIPLICATION. 

148. The unknown quantity, instead of being connected 
with a known quantity by the sign -|- or — ^ may be divided 

by it, as in the equation - =b. 

Here the reduction can not be made, as in the preceding 
instances, by transposition. But if both members be muhi- 
plied by a, the equation will become, x=ah. (Art. 140.) 

For a fraction is multiplied into its denominator^ by remov- 
ing the denominator. (Art. 133.) Hence, 

149. When the unknown quantity is ditidbi) by a knovm 
quantity^ the equation is reduced by multipltino every term on 
each side by this knovm quantity, (Ax, 3.) 

N. B. The same transpositions are to be made in this case, 
as in the preceding, examples. 

13. Reduce the equation - ^a=b-\-d 

Multiplying both sides by c 



The product is x+ac=bc-{^d 

And x^bc+cd-'-ac. 

14. Reduce the equation — g (-5=20. 

15. Reduce the equation . '\-d=ih, 

150. When the unknown quantity is in the denominator of 
a fraction, the reduction is made in a similar manner, by 
multiplying the equation by this denominator. 

Quest.— -How is an equation reduced by multiplication? How is a 
fraction multiplied into its denominator ? How does it appear that this 
method of reducing equations does not destroy the equality ? When the 
unknown quantity is in the denominator^ how proceed ? 
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16. Reduce the equation 1-7=8. 

^ 10— a? ^ 

151. Though it is not generally necessary y yet it is often 
convenient, to remove the denominator from a fraction con- 
sisting of known quantities only. This may be done in the 
same manner as the denominator is removed from a fraction, 
which contains the unknown quantity. 

17. Take for example -=-+^ 

a b c 

Multiplying by a x=^+— 
b c 

Multiplying by b &r=aJ+ — Z. 

Multiplying by c bcx=zacd+abh. 

152. jJn equation may be cleared of fra^jtions by multiply^ 
ing each side into all the denominators. 

Obser. In clearing an equation of fractions, it often happens, that a nu- 
merator becomes a multipU of its denominator, (i. e. can be divided by it 
without a remainder,) or that some of the fractions can be reduced to lower 
terms. When this occurs, the operation may be shortened by performing 
the division, and reducing the fractions to the lowest terms according to 
Art. 117. 

la Reduce the equation ?=^+l~A. 
a d g m 

19. Reduce the equation ?=?+^+l 
^ 2 3 5 2 

153. N. B. In clearing an equation, of fractions, it will be 
necessary to observe, that tiw sign — prefixed to any frac- 

Qxmgr, — How clear an equation of fractions ? How prove that this 
does not destroy the equality ? When a numerator becomes a multiple of 
Its denominator, what may be done I When a fraction can be reduced to 
lower terms, what ? What must be observed as to the sign — before the 
dividing line J 

7» 
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tion, denotes that the whole value is to he suhtracted, which 
is done hy changing the signs of all the terms in the nuroe- 
rator. (Art. 114-.) 

20. Keduce =c — » 



21. Reduce ?— -=6. 

3 4 

22. Reduce ^=^+^+^. 

D D D 10 

23. Reduce 2x— ??=H+?. 

5 25 5 

c\A ty jt ^ 1 a? 1 3a7 2ap , X 10 

2*. Keduce — ^+-+ — — — + — = — . 
2 4, 7 14 4 



REDTJCTION OF EQTTATIONS BY DIVISION. 

154. When the unknown quantity is multiplied into any 
known quantity y the equation is reduced by dividing every term 
on both sides by this known quantity. (Ax. 4.) 

25. Reduce the equation ar-|-^ — Zh^^d 
By transposition ax^^d^Zh — h 

Dividing by a ^^c/+3A~&^ 

a 

26. Reduce the equation 2a;=^? — ^-+4^. 

c h 

155. If the unknown quantity has co- efficients in several 
terms, the equation must be divided by all these co-efficients, 
connected by their signs, according to Art. 98. 



Quest.— What does this sign, whea thus sitaated, show?' When ihm 
unknown quantity has a co-efficient, how reduce the equation ? If tke un- 
known quantity has a co-efficient in several terms, how ? 
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27. Beduce the equation 3x — toso — d 
That is, (Art. 97,) (3—^) X«=a— A 

Dividing by 3—6 x=-^—^ Ana. 

28. Reduce the equation aa?-|-d?=A^4« 

-^ - a? — b tt+J 

29. Eeduce the equation x r~=~i — • 

156. If any quantity, either known or unknown, is found 
as a factor in every term, the equation may be divided by it. 
On the other hand, if any quantity is a divisor in every term, 
the equation may be multiplied by it. In this way, the factor 
or divisor will be removed, so as to render the expression 
more simple. 

30. Reduce the equation ax4-3a6=6a<f-|-a 
Dividing by a ar+36=6<f-(-l 
And x=:6d+l—Sb. 

x4-i b h — d 

31. Reduce the equation — ^ ^= 

^ XXX 

Multiplying by a?, (Art. 133,) a?+l— fc=A— -<f 
And x=h — rf+6 — 1. 

32. Reduce the equation a7X(a-f6)— a — 6=rfx(a+6). 

157. ^proportion is converted into an equaiion by making 
the product of the extremes, one side of the equation ^ and the 
product of the means, the other side. 

33. Reduce to an equation ax lb ii chid. 
The product of the extremes is adx 

The product of the means is hch 

The equation is, therefore, adx^^hch. 

34. Reduce to an equation a^b : c : : A — m : y. 



QuiST. — ^If any quantity is found as a fitetor in every term, how f How 
convert a proportion into an equation I 
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158. On the other handj an equation may be converted into a 
proportion^ by resolving one side of the equation into two factors j 
for the middle terms of the proportion ; and the other side into 
two factors^ for the extremes, 

35. Convert the equation, adx^^bch^ into a proportion. 
The first member may be divided into the two factors ax 
and (2 3 the second into ch and b. From these factors we 
may form the proportion axibiichid. 

36. Keduce to a proportion ay+by=sch — cm. 

37. Reduce the equation 16a? +2=^34. 

38. Reduce the equation 4a?— 8= — 3a?+13. 

39. Reduce the equation lOa?— 19=7a7+17. 

40. Reduce the equation 8a?— 3+9= — 7a?+9+27. 

S 17 B S T I T XT T I N . 

159. In the reduction of an equation, as well as in other 
parts of algebra, sl complicated process can often be rendered 
shorter and more simple^ by using letters for the given num- 
bers when large, (Art. 35 ,) and also by introducing a new 
letter which shall be made to represent a whole algebraic ex- 
pression, 

160. This process t? called substitution. After the opera- 
tion is completed, the numbers, or the compound quantity for 
which a single letter has been substituted, must be restored. 

41. Reduce _?_-|— i- = l. 

750^375 

Clearing of fractions, 375a?+3 X 750= 1 x 750 x 375 
and ^=?51250-:2250^,^^ ^^^ 
375 

Quest. — ^How can an equation be converted into a proportion ? What 
if meant by substitution ? What is the advantage of it ? After the ope 
jation is performed, what must be done ? 
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By substituting a for 750 ; 6 for 3 ; and c fot 375 ; die 

t X b 

equation becomes — | — = 1. 
a ' c 

Clearing of fractions, cx-\'aB=ac: and «=« . 

3 X 750 

Restoring the numbers, a? =750 — — =744. Ans. 

375 

42. Reduce _-|-6=84. Substitute a for 3 5 6 for 4 5 c for 
6 i and d for 84. 

43. Reduce -^-+*^= 10. Substitute a for 350: b for 

350 ' 7000 ' 

4500 ; c for 7000 ; and d for 10. 

44. Reduce-^ — \^^b. Substitute d for («i4-n), and the 

m-j-n c 

equation i8_4-?=:5. 
d c 

Clearing of fractions, cx-^-adssbcd ; and Xtsa — Z — : restcur- 

ing (»♦+«) ; a,^K»»+")-''("»+«). Ana. 

45. Reduce 1 — =a5. Substitute A for (/—«—»). 

/ — w»— n • c 

46. Reduce !?_^=CfZ. Substitute A for (ft-j-c-j-c?). 

w b-^-c-^-d 



EXAMPLES POR PRACTICS. 



1. Reduce ^^6=55. 7. 

4 ' 8^ 

2. Reduce — uAa=i k-A 

a b c \ 

3. Reduce 40-6ar- 16=120-. 14a?. 
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4. Reduce — -U — a=20 • 



5. Reduce ?+5=20-^. 

6. Reduce Iz?— 4=5. 



7. Reduce -i ^=8. 

a? +4 

8. Reduce J^=l. 

a?-f4 

9. Reduce a?+^5=:ll. 

10. Reduce ?+^-.?=I, 

2^3 4 10 

11. Reduce ^+6x=^^"^. 

4 ^ 5 

12. Reduce 3.+?^'=5+fc^. 

5 2 

13. Reduce gjLd[^2^ '^^-^ 4jr. 

3 3 ^^ 

14. Reduce 2 l+!^zll=^^=^ +?!=!?. 

^16 8^2 

15. Reduce 3a? 7 4= — ^ tt;- 

4 o 12 

16. Reduce 2^ _iiii^+6=?f±^. 

60 2 

n. Reduce H=??-lf±^=5_6.+!^. 

Do 3 

-Q ^ , 3a?— 3 , ^ 20— a? 6a?— 8 , 4«— 4 
IS. Reduce a? — h4= — j: =--H — = — • 
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19. Reduce 6a:+7 7x-13_2a^+4 

9 ' 6x+3 3 

20. Reduce 5±ti:l?Z:?:: 7:4. 

2 4 

SOLUTION OF PROBLEMS. 

161. For the solution of problems in Simple Equations, we 
derive from the preceding principles the following 

GENE R AL RULE. 

I. Translate the statement of the question from common to 
algebraic languagCy in such a manner as to form an equation^ 
i. e. put the question into an equation. (Art. 33.) 

II. Clear the equation of fractions by multiplying every term 
on each side by all the denominators. (Art. 152.) 

III. Transpose all the terms containing the unknovm quarUity 
to one side, and all the known quantities to the other, taking 
care to change the signs of the terms transposed, and unite the 
terms that are alike, (Arts. 50, 51.) 

IV. Remove the co-efficients of the unknown quantity, by divid' 
ing all the terms in the equation by them, (Art. 154.) 

Proof. — Substitute the value of the unknown quantity for the 
letter itself in the equation ; and if the number satisfies the 
conditions of the questix)n, it is the answer sought. 

Problem 1. A man being asked how much he gave for his 
watch, replied j If you multiply the price by 4, and to the 
product add 70, and from this sum subtract 50, the remainder 
will be equal to 220 dollars. 

To solve this question, we must first translate the condi- 
tions of the problem into such algebraic expressions as 
will form an equation. 

Quest. — What is the first step in the solution of a problem ? Second t 
Third? Fourth? Proof? 
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Let a?«Bthe price of the watch. 
This price is to be mult'd by 4, which makes 4fX 
To the product, 70 is to be added, making 4a?-|-70 
From this, 50 is to be subtracted, making 4^4-70—50. 
Here we have a number of the conditions, expressed in 
algebraic terms; but have as yet no equation. We must ob- 
serve then, that by the last condition of the problem, the pre- 
ceding terms are said to be equal to 220. 

We have, therefore, this equation 4a7+70— 50=220 
Which reduced gives a?=50. Ang. 

Here the value of x is found to be 50 dollars, which is the 
price of the watch. 

Proof.— The original equation is 4a?+70— 50=220 
Substituting 50 for «, it becomes 4x50+70—50=220 
That is, 220=220. 

Prob. 2. What number is that, to which, if its half be added, 
and from the sum 20 be subtracted, the remainder will be a 
fourth of the number itself 1 

In stating questions of this kind, where fractions are 
concerned, it should be recollected, that ^x is the same as 

? ; that |x=cf, &c. (Art. 108.) 

Let a?asthe number required. 

SB X 

Then by the conditions proposed, x-^ — 20=- 



And reducing the equation 


ff=rl6. Ans. 


Proof. 


16+1?— 20=11 
% 4 



Prob. 3. A father divides his estate among his three sons 
in such a manner, that, 

The first has $1000 less than half of the whole : 
The second has 800 less than one-third of the whole j 
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The third has 600 less than one fourth of the whole | 

What is the value of the estate 1 

Proh. 4. Divide 48 into two suoh parts, that if the less be 
divided by 4, and the greater by 6, the sum of the quotients 
will be 9. 

Let X = the smaller part. 

Then 487— a? = the greater part. 

X 48 — *P 

By the conditions of the problem, ~ -) — = 9. 

4 b 

162. Letters may be employed to express the known quan* 
tities in an equation, as well as the unknown. (Art. 159.) 
A particular value is assigned to the letters, when they are 
introduced into the calculation ; and at the close, the num- 
bers are restored. (Art. 35.) 

Prob. 5. If to a certain number, 720 be added, and the sum 
be divided ,by 125, the quotient will be equal to 7392 divided 
by 462. What is the number 1 

Let 0?= the number required. 

0=720 (/=7392 

6=125 A«=462 

Then by the conditions of the problem, — xi as -• 

b h 

Therefore ^^M-aA. 

h 

Restoringthe numbers, . = (^^^X^^^^H720x462) ^ ^^^ 

162.a. When the solution of an equation brings out a nega" 
live answer, it shows that the valut of the unknown quantity 



Quest. — ^When letters are substituted for known quantities, what must 
be done at the close of the calculation ? When the solution brings out 
a negative answer, what does it show ? 
8 
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is contrary to the qoantitieSf which in the statement of the 
question are considered positive. But this being deter- 
mined by the answer, the omission of the sign — before the 
unknown quantity in the course of the calculation, can lead 
to no mistake. 

Prob. 6. A merchant gains or loses, in a bargain, a certain 
sum. In a second bargain, he gains 350 dollars, and in a 
third, he loses sixty. In the end he finds he has gained 200 
dollars, by the three together. How much did he gain or 
lose by the first 1 

In this example, as the profit and loss are opposite in their 
nature, they must be distinguished by contrary signs. (Art 
39.) If the profit is marked +, the losa must be — . 

Let xz= the sum required. 

Then according to the statement, x-f350— 60=200 

And 07=— 90. 

Prob. 7. A ship sails 4 degrees north, then IBS. then 17 
N. then 19 S. and has finally 11 degrees of south latitude. 
What was her latitude at starting 1 

Prob. 8. If a certain number is divided by 12, the quotient, 
dividend, and divisor, added together, will amount to 64. 
What is the number 1 

Prob. 9. An estate is divided among four children, in such 
a manner that 

The first has 200 dollars more than J of the whole. 

The second has 340 dollars more than ^ of the whole. 

The third has 300 dollars more than i of the whole, 

The fourth has 400 dollars more than ^ of the whole. 

What is the value of the estate 1 

Prob. 10. What is that number which is as much less 
than 500, as a fifth part of it is greater than 40 1 

Prob. 11. There are two numbers whose difference is 40, 
and which are to each other as 6 to 5. What are the numbers ? 
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Prob. 12. Three persons, A, B and C draw prizes in a lot- 
tery. A draws 200 dollars ; B draws as much as A, together 
with a third of what C draws ; and C draws as much as A and 
Bboth. What is the amount of tlie three prizes % 

Prob. 13. What number is that, which is to 12 increased 
by three times the number, as 2 to 9 ? 

Prob. 14. A ship and a boat are descending a river at the 
same time. The ship passes a certain fort, when the boat 
is 13 miles below. The ship descends five miles, while the 
boat descends three. At what distance below the fort will 
they be together 1 

Prob. 15. What number is that, a sixth part of which ex- 
ceeds an eighth part of it by 20 1 

Prob. 16. Divide a prize of 2000 dollars into two such 
parts, that one of them shall be to the other as 9 to 7. 

Prob. 17. What sum of money is that, whose third part, 
fourth part, and fifth part, added together, amount to 94 
dollars ? 

Prob. 18. Two travellers, A and B, 360 miles apart, travel 
towards each other till they meet. A's progress is 10 miles 
an hour, andB's 8. How far does each travel before they 
meetl 

Prob. 19. A man spent one-third of his life in England, 
one-fourth of it in Scotland, and the remainder of it, which 
was 20 years, in the United States. To what age did he live 1 

Prob. 20. What number is that, ^ of which is greater than 
I of it by 96 % 

Prob. 21. A post is J in the earth, f in the water, and 13 
feet above the water. What is the length of the post 1 

Prob. 22. What number is that, to which 10 being added, 
I of the sum will be 66 1 
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Prob. 23. Of the trees in an orchard, f are apple trees, ^ 
pear trees, and the remainder peach trees, which are 20 more 
than ^ of the whole. What is the whole number of trees in 
the orchard ? 

Prob. 24. A gentleman bought several gallons of wine for 
94< dollars ; and after using 7 gallons himself, sold ^ of the 
remainder for 20 dollars. How many gallons had he at first 1 

Prob. 25. A and B have the same income. A contracts 
an annual debt amounting to ^ of it ; B lives upon ^ of it ; 
at the end of ten years, B lends to A enough to pay off his 
debts, and has 160 dollars to spare. Wha^ is the income of 
eachi 

Prob. 26. A gentleman lived single i of his whole life ; 
ftnd after having been married 5 years more than ^ of his life, 
he had a son who died 4 years before him, and who reached 
only half the age of his father. To what age did the father 
live] 

Prob. 27. What number is that, of which if ^, -J and f be 
added together the sum will be 73 % 

Prob. 28. A person after spending 100 dollars more than ^ 
of his income, had remaining 35 dollars more than ^ of it. 
Required his income. 

Prob. 29. In the composition of a quantity of gunpowder, 
The nitre was 10 lbs. more than f of the whole. 
The sulphur 4J lbs. less than ^ of the whole. 
The charcoal 2 lbs. less than \ of the nitre. 
What was the amount of gunpowder ? 

Prob. 30. A cask which held 146 gallons, was filled with 
a mixture of brandy, wine and water. There were 15 gal- 
lons of wine more than of brandy, and as much water as the 
brandy and wine together. What quantity was there of each % 
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Prob. 31. Four persons purchased a farm in company for 
4755 dollars^ of which B paid three times as much as A ^ 
C paid as much as A and B ; and D paid as much as C and 
B. What did each pay 1 

Prob. 32. It is required to divide the number 99 into five 
such parts, that the first may exceed the second by 3, be less 
than the third by 10, greater than the fourth by 9, and less 
than the fifth by 16. 

Prob. 33. A father divided a small sum among four sons. 

The third had 9 shillings more than the fourth j 

The second ha#12 shillings more than the third ; 

The first had 18 shillings more than the second ; 

And the whole sum was 6 shillings more than 7 times the 
sum which the youngest received. 

What was the sum divided 1 

Prob. 34. A farmer had two fiocks of sheep, each contain- 
ing the same number. Having sold from one of these 39, 
and from the other 93, he finds twice as many remaining in 
the one as in the other. How many did each flock originally 
contain 1 . 

Prob. 35. An express, travelling at the rate of 60 miles a 
day, had been despatched 5 days, when a second was sent 
after him, travelling 75 miles a day. In what time will the 
one overtake the other 1 

Prob. 36. The age of A is double that of B, the age of B 
triple that of C, and the sum of all their ages 140. What is 
the age of each 1 

Prob. 37. Two pieces of cloth, at the same price by the 
yard, but of difiTerent lengths, were bought, the one for J65, 
the other for £6^. If 10 be added to the length of each, 
the sums will be as 5 to 6. Required the length of each 
piece. 

8* 
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Prob. 38. A and B began tra^e with equal sums of money. 
The first year, A gained forty pounds, and B lost 40. The 
second year, A lost ^ of what he had at the end of the first, 
and B gained 40 pounds less than twice the sum which A 
had lost. B had then twice as much money as A. What 
sum did each begin with 1 

Prob. 39. What number is that, which being severally 
added to 36 and 52, will make the former sum to the latter 
as 3 to 4 '( 

Prob. 40. A gentleman bought a chaise, horse and harness 
for 360 dollars. The horse cost twice a9 much as the har- 
ness ; and the chaise cost twice as much as the harness and 
horse together. What was the price of each ^ 

Prob. 41. Out of a cask of wine, from which had leaked 
i part, 21 gallons were afterwards drawn ; when the cask 
was found to be half full. How much did it hold ? 

Prob. 42. A roan has 6 sons, each of wliom is 4 years older 
than his next younger brother ; and the eldest is three times 
as old at the youngest. What is the age of each 1 

Prob. 43. Divide the number 49 into two such parts, that 
the greater increased by 6, shall be to the lest diminished 
by 11 as 9 to 2. 

Prob. 44. What two numbers are as 2 to 3 ; to each of 
which, if 4 be added, the sums will be as 5 to 7 1 

Prob. 45. A person bought two casks of porter, one of 
which held just 3 times as much as the other ^ from each of 
these he drew 4 gallons, and then found that there were 4 
times as many gallons remaining in the larger, as in the other. 
How many gallons were there in each 1 

Prob. 46. Divide the number 68 into two such parts, that 
the difiTerence between the greater and 84, shall be equal to 
3 times the diflference between the less and 40. 
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Prob. 47. Four places are situated in the order of the let- 
ters A, B, C, D. The -distance from A to D is 34 miles. The 
distance from A to B is to the distance from C to Dae 2 to 3. 
And \ of the distance from A to B, added to half the distance 
from C to D, is three times the distance from B to C. What 
are the respective distances 1 

Prob. 48. Divide the number 36 into 3 such parts, that ^ 
of the first, ^ of the second, and ^ of the third, shall be equal 
to each other. 

Prob. 49. A merchant supported himself 3 years, for £50 
a year, and at the end of each year added to that part of his 
stock which was not thus expended, a sum equal to one-third 
of this part. At the end of the third year his original stock 
was doubled. What was that stock 1 

Prob. 50. A general having lost a battle, found that he had 
only half of his army -[-3600 men left fit for action ; ^ of the 
army-}-600 men being wounded ; and the rest, who were ^ of 
the whole, either slain, taken prisoners, or missing. Of how 
many men did his army consist 1 



SECTION VIII. 

INVOLUTION. 

Art. 163. Definitions. — (1.) When a quantity is multiplied 
into itself^ the product is called a power. Thus 3 X 3=9 5 and 
dxdsszdd. The 9 and (/J are powers of 3 and d, 

(2.) Powers are divided into different orders or degrees^ as 
the first, second, third, fourth, fifth powers, Sfc, which are also 
called the square, cube, biquadrate, fyc. 



Quest. — ^What is a power ? How are powers divided? What is the 
second power called ? Third ? Fourth ? 
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They take their name from the number of times the rooi^ or 
fy'^ power J is used as n factor in producing the given power. 

The original quantity is called the^r*^ power or root of all 
the other powers, because they are all derived froip it. 

Thus, 2x2=4, the square or second power of 2. 

2x2x2=8, the cube or third power. 
2 X 2 X 2 X 2= 16, the biquadrate or fourth power, Sec, 

And a x a^^^aa^ the second power of a. 

ax ax a^soaa^ the third power. 
axaxax a^rBaaaa, the fourth power, &c. 

(3.) The number of times a quantity is employed as a 
factor to produce the given power, is generally indicated by 
a figure or letter placed above it on the right hand. This 
figure or letter is called the index or exponent. Thus ax a 
is written a^ instead of aa ; and axaxa=:a^. 

The index of the first power is 1 ; but this is commonly 
omitted^ for a^=a, 

Obser. An index is totally different from a co^fficmd. The latter shows 
how many times a quantity is taken as a part of a whole ; the former 
how many times the quantity is taken as ti factor. Thus 4a=sa-|-a-|-a-H^ * 
but a^zi^aXaXaXa^aaaa. If a=z4, then Aa=sl6 ; and a^=z256. 

(4.) Powers are also divided into direct and reciprocal. 

Direct Powers are those which have positive indices, as (f^, 
J^, &c., and are produced by multiplying a quantity into itself. 
Thusdxd^d^l dxdxd=d^l and (f X(fxrfxd=:d*. 

A Reciprocal Power of a quantity is the quotient arising 
from dividing a unit by the direct power of that quantity, 

as-l, JL, Jl, &c. (Art. 32.) 

Qn£ST.<~From what do they take their name? What is the first 
power? How are powers denoted? What is this number called? 
What does it show ? What is the difference between an index and a 
co-efficient ? What is the index of the first power ? Is it usually writ- 
ten ? How else are powers divided ? What are direct powers ? Red 
procal powers ? 
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It is produced by dividing a direct power by its root^ till 
we come to the root itself; and then coTUinuing the division, 

we obtain the reciprocal powers. Thus =(f^ ; and — =</ 5 

d d 

^=^0=1. and l^d=l.; and _L-^(f=:-L, &c. 
d cf d^ d^ rf»' 

For convenience of calculation, reciprocal powers are 

written like direct powers with the sign — before the index^ 

thus_=(^a,&c. The direct and reciprocal powers of dj 
are d^, d^, d^, d^, Jo, d-i, cf-», rf-^ rf-*, &c. in which (^o=i. 

164>. Involution t« Me process of finding any power of a 
quantity by multiplying it into itself. Hence, 

165. To involve a quantity to any required power. 
Rule. — Multiply the quantity into itself^ till it is taken as a 

factor as many times as there are units in the index of the power 
to which the quantity is to be raised, (Art. 80.) 

N. B, All powers of 1 are the same, viz. 1. For 1 X 1 X 
1x1, &c. =1. 

166. A single letter is involved, by giving it the index of 
the proposed power ; or by repeating it as a factor as many 
times as there are units in that index. 

N. B. If the letter or quantity has a co-efficienty it must be 
raised to the required power by actual multiplication* 

1. The 4th power of a, is a'*, or aaaa, (Arts. 163, 165.) 

2. The 6th power of y, is y®, ot yyyyyy. 

3. The Tith power of a?, is a?«, or xxx ...» times repeated. 

4. Required the 3d power of 3a:. 



Quest. — How are reciprocal powers written? What is involutimi? 
The rule 1 What are all powers of 1 ? How is a single letter involved ? 
If the quantity has a co-efficient, what must be done with it ? 
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5. Required the 4th pofwer of 4y. 

6. Required the 7th power of 2a. 

167. The method of iuvolving a quantity which consists of 
several factors, depends on the principle, that the power of 
the product of several factors is equal to the product of their 
powers. 

7. Thus (ayy=aY. For hy Art. 164, {ayf=ayxay. 
But ay X ay=ayay=:zaayy=^ahf\ 

8. What is the 3d power of bmx % 

9. What is the nth power o(ady% 

In finding the power of a product, therefore, we may either' 
involve the whole at once; or we may involve each of the 
factors separately, and then multiply their several powers ij^o 
each other. 

10. What is the 4th power o{dhy% 

1 1. What is the 3d power of 46 1 

12. What is the nth power o( 6ad% 

13. What is the 3d power of 3mx2yl 

168. Signs. — When the root is posiiive, all its powers are 
positive also y but when the root is negative, the odd powers are 
negative, while the even powers are positive. (Art. 82.) 

169. Hence any odd power has the same sign as its root. 
But an even power is positive, whether its root is positive or 
negative. Thus -f-a X -f a^a\ And — a x — a=a\ 

170. To involve a quantity which is already a power. 
Multiply the index of the quantity into the index of the 

power to which it is to be raised. 



Quest. — On what principle does the method of inyolving a quantity 
which consists of several factors, depend ? How then may we find the 
power of a product? feule for signs ? Does this differ from the rule for 
signs in muliiplication ? What sign has every odd power ? Even pow- 
ers ? How involve a quantity which is already a power ? 
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14. The 3d power of a*, is a^ • '=:a*. 

For a^=aa: and the cnhe o( aa is aaxaaxaa=zaaaaaa=^a^ ; 
which is the 6th power of a, but the third power of a'. 

15. Find the 4th power of a^b^, 

16. Find the 3d power of 4^^x. 

17. Find the 4th power of 2a^ X Sx^d. 

18. Find the 5th power of (a-fft)*. 

19. Find the 2d power of (a-\-b)\ 

20. Find the nth power of (x — y)"^, 

21. Find the nth power of (x-{-y)^. 

22. Find the 2d power of (a^xb^). 

23. Find the 3d power of (a^b^h^). 

171. ^ FRACTION is raised to a power by involving both the 
numerator and the denominator* 

24. The square of _ is ^. For, by the rule for the mal- 

b o* 

tiplication of fractions, -X-=— =^ (Art. 130.) 
b b bb b^ 

25. Find the 2d, 3d and nth powers of -. 



26. Find the cube of 



a 

2xr^ 



3y 



x^r 



27. Find the nth power of Ul 

ay^ 

28. Find the square of — «^X(<^+«*), 

172. A compound quantity consisting of terms connected 
by + ^^^ — > is involved by an actual multiplication of its 
several parts. Thus, 

Qu£ST. — ^How is a fraction involved ? How is a compound quantity 
involved ? 
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29. (a-f^)^=a-f^, the first power 

a^+ab 



{a+b)^z=a^+^b+b^j .... the second power 
a +b 

a'-f2a26+ ab^ 
+ a^bi-2ab^+b^ 

(a+by =a» 4- 3a^by^ab^+b^, . the third power 
a + b 

a^ + 3a^b+3a^b^+ ab^ 
-f a^b+3a^b^+3ab^+b* 

{a+by=a^+4iaHj'6a^b^+4>ab^+b^^ fourth power 

30. Find the square of a — b. 

31. Find the cube of a-f-1. 

32. Find the square of a-f-^ -f-A. 

33. Required the cube of a-[-2J-^3. 

34. Required the 4th power of 6+2. 

35. Required the 5th power of a:+l. 

36. Required the 6th power of 1 — b, 

173. The squares of binomial and residual quantities occur 
so frequently in algebraic processes, that it is important to 
make them familiar. 

If we multiply a-\-h into itself, and also a — A into itself. 



37. We have a+h 

a+h 


38. And a— A 
a — h 


a^+ah 
+ah+h^ 

a^'-\-2ah+h^. 


a^'—ah 

—ah+h^ 

a2— 2aA+A2 



Googk 
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Here it will be seen, that in each case, the first and last 
terms are squares of a and k ; and that the middle term is 
twico the product of a into k. Hence the squares of bino- 
mial and residual quantities, without multiplying each of the 
terms separately, may be found, by the following proposition.* 

(1.) The square of a binomial, the terms of which are both 
positive^ is equal to the square of the first term, + iufice the pro- 
duct of the two terms, -|- the square of the last term. 

(2^ The square of a residual quantity , is equql to the square 
of the first term, — twice the product of the iwo terms, -\- the 
square of the last term, 

39. Find the. square of 2a-f-^. 

40. Find the square of A+1. 

41. Find the square of 06+ erf. 

42. Find the square of 6^-(-3. 

43. Find the square of 3d—h, 

44. Find the square of a — 1. 

174. For many purposes it will be sufficient to express the 
powers of compound quantities by eocponents without an 
actual multiplication. 

45. Thus the square of a-f-J, is a+b^, or {a-\-hy, 

46. Find the nth power of ic-|-8-|-a?. 

In cases of this kind, the vinculum must be drawn over 
all the terms of which the compound quantity consists. 

175. But if the root consists of several /actors, the vincu- 
lum which is used in expressing the power, may either 
extend over the whole 5 or may be applied to each of the 
factors separately, as convenience may require. 

Quest. — ^What is the square of a binomied whose signs are plus ? Of a 
residual ? Is it always necessary to perfonn the multiplication ? How 
far must the vinculum extend when the root contains factors ? 

• Euclid 2. 4. 

9 
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47. Thus the square of (a-\-b) x (c-\-d)^ is either 

(«+*)x(c+rf)S or (a+.6)2x(c-hrf)^. 

For the first of these expressions is the square of the pro- 
duct of the two factors, and the last is the product of their 
squares. But one of these is equal to the other. (Art. 167.) 

The cube of ax(6-f<i), is ax(b+d)\ or a^x(b+d)\ 

176. When a quantity whose power has been expressed by 
a vinculum and an index, is afterwards involved by an actual 
multiplication of the terms, it is said to be expanded, 

48. Thus (o+6)^, when expanded, becomes a*+2ei6+ft^. 

49. Expand (a+b-\-hy. 

BINOMIAL THEOREM.* 

177. To involve a binomial to a high power by actual mul- 
tiplication, as in Art. 172, is a long and tedious process. A 
much easier and more expeditious way to obtain the required 
power, is by what is called the Binomial Theorem. This 
ingenious and beautiful method was invented by Sir Isaac 
Newton, and has been deemed of so great importance to 
mathematical investigation, that it is inscribed on his monU" 
ment in Westminster Abbey. 

178. To illustrate this theorem^ let the pupil involve the 
binomial a\-b^ (Art. 172,) and the residual a— by to the 2d, 

3d and 4th powers. Thus, 
(a— 5)2=a2— 2a5+62, 
(a— 6)3=a»-3a2&-|-3a62_53, 

(a-^)4:«o4_4a3A+6a2A2— 4a53 +5*. 



QxTEST.— What is meant by expanding a quantity ? What is the best 
mode of inyolving a binomial to a high power ? Who is the author of this 
theorem ? In what light is it regarded T What is (a+6)2 ? (<H-6)8 I 
(a+6)* T (a-*)2 ? (a— J)3 ? (a-*)* ? 

• See Preface. 
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179. By a careful inspection of the several parts of the 
preceding work, the following particnlars will he ohserved to 
he common to each power. 

I. By counting the terms it will be found that the number 
in each po\«rer is greater by 1 than the index of that power j 
e. g. in the 3d power the number of terms is 4 ; in the 4th 
power, it is 5, &c. 

II. If we examine the signs we shall perceive when both 
terms of the binomial are positive^ that all the signs in every 
power are + y but when the quantity is a residual, all the 
odd terms, reckoning from the left, have the sign +9 and all 
the even terms have the sign — ; Thus in the 4th power, the 
signs of the first, third' Bind fifth terms are +i while those of 
the second and fourth are — . 

III. Let us now direct our attention to the indices. 

1. It will be seen that the index of the first term, or the 
leading quantity* in each power, always begins with the in- 
dex of the proposed power, and decreases 1 in each successive 
term towards the right, till we come to the last term from 
which the letter itself is excluded. Thus in (adzby the in- 
dices of the leading quantity a, are 4, 3^ 2, 1. 

2. The index of the following quantity begins with 1 in 
the second term, and increases regularly by 1 to the last 
term, whose index, like that of the first, is the index of the 
required power. Thus in (adzby the indices of the following 
quantity b, are 1, 2, 3, 4. 

3. We shall also perceive, that the sum of the indices is 
the same in each term of any given power ; and this sum is 

Quest. — How many terms are there in each power ? What signs has 
a binomial ? Residual ? What are the indices of the leading qnantity ? 
Of the following quantity ? Which is the leading quantity ? The follow- 
ing ? To what is the sum of the indices in each term equal ? 

• The first letter of a binomial is called the leading quantity, and the 
other, the following quantity. 
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equal to the indtx of that power. Thun ^e sum of the in- 
dices in each of the terms of the 4th power, is 4. 

IV. The kst thing to he considered is the co-efficienU of 
the several terms 

1. The co-efficient of the first and lasi terms in each power, 
is 1 ; the co-efficient of the second and next to the last terms, 
is the index of the required power. Thus in the 3d power, 
the co^f. of the second and next to the last terms, is 3 1 and 
in the same terms in the 4th power, it is 4, &c. 
• 2. It will he observed also, that the co-efficients ifKreast 
in a regular manner through the jfiri^ half of the terms ; and 
then decrease 9X the same rate through the last half. Thus, 

in the 4th power they are 1, 4, 6, 4, 1, 

in the 6th power they are 1, 6, 15, 20, 15, 6, 1. 

3. The co-efficients of any two terms equally distant from 
the extremes, are equal to each other. Thus in the 4th 
power, the second co-ef. from each extreme is 4 ; in the 6th 
power, the second co-ef. from each extreme is 6, and the 
third is 15. 

4.. The sum of all the co-efficients in each power, is equal 
to the number 2 raised to that power. Thus (2)^=16 ; also, 
the sum of the co-efficients in the 4th power, is 16, and (2)* 
=64 5 so the sum of the co-efficients in the 6th power, is 64 

180. If we involve any other binomial^ or residual^ to any 
required power whatever, we shall find the foregoing 
principles are true in all cases, and will apply to 



Quest. — What is the co-efficient of the first and last term ? What ot 
the second and next to the last ? What is peculiar to the first half of them ? 
To the last half? How do those equally distant from the extremes com- 
pare ? To what is the sum of all the co^efficients in any power equal ? 
What is said as to the extent of the foregoing principles ? 
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all examples. Hence we may safely conclude, that they are 
universal principles^ and may be employed in raising all bino- 
mials to any required power. They are the basis^ or elements 
of what is called the Binomial Theorem, 

181. The Binomial Theorem may be defined, a general 
method of involving binomial quantities to any^ proposed power • 
It is comprised in the following 

GENERAL RULE. 

I. Signs, ^If both terms of the binomial have the sign -(-, all 
the signs in every power will ^ -f" 5 but if the given quantity 
is a residual^ all the odd terms in each power ^ reckoning from 
the left, will have the sign -f-> and the even terms the sign — . 

II. Indices. — The index of the first term or leading quantity, 
must always be the index of the required power ; and this de- 
creases regularly by 1 through the other terms. The index of 
the following quantity begins with 1 in the second term, and in- 
creases regularly by 1 through the others, 

III. Co-EFFiciENTS. — The CO- efficient of the first term is 1 ; 
that of the second is equal to the index of the power ; and uni- 
versally, if the co-efficient of any term be multiplied by the index 
of the leading quantity in that term, and divided by the index 
of the following quantity increased by 1, it will give the co-effi' 
eient of the succeeding term, 

IV. The number of terms will always be one greater than tht 
power required. 

In algebraic characters, the theorem is this. 



Quest.— What is the Binomial Theorem ? What is the rule for the 
signs f For the indices ? For the co-efficients 7 The number of terms ? 
9* 
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N. B. It is here supposed, that the terms of the bmomial 
hav6 no other co-efficients or exponents than 1. Other bino- 
mials majrbe reduced to this form by substitution. (Art. 159.) 

1. What is the 6th power of a?-|-y 1 
The terms without the co-efficients, are 

a:«, x^y, x^y^, x^y^, x^y^, xy^, y«. 

And the coefficients, are 

- ^ 6x5 15x4 20x3 f. - 

1 b, , , ^- 0, 1. 

^^ 3, 4 

that is 1, 6, 15, 20, 15, 6, 1. 

Prefixing these to the several terms, we have the power 
required ; 

a?«+6x«y-|-15a?*y2_|_20a?3y54.15x2y*+6a?y*+y«. Ans. 

2. What is the 5th power of (d-^h) \ 

3. What is the nth power of (J>-\.y) 1 

Ans. 6*4-^6«-iy+jB6'^2y2^(;^«_Sy8_|_2>^_4y4^ &c. 

That is, supplying the co- efficients which are here repre- 
sented by ^, B, C, &c. we have 

i^+nxfi^-iy+nx^Hlx^^-^y^^ &c. 
At 

4. What is the 5th power of J?2^3y2 7 

Substituting a for x^, and b for 3y2^ (Art. 159,) we have 
(«-[.^)5=a5-f5a*6-fl0a3ft2^10a263_|_5^4_|.^. 

And restoring the values of a and by 
(a?2 _^ :-jy2)5 = api0 4.15x8y2 +90a?y 4-270i^*y«-}-405a?2y8+ 
243ylo. 

5. What is the 6th power of (3a?-|-2y) \ 

6. What is the 2d power of (a— 5) 1 

7. What is the 3d power of (a— i) 1 



Quest. — Can this rule be applied to binomials whose co-efficients ex- 
ceed 1? How? 
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8. What is the 4th power of (a—h) t 

9. What is the 6th power of (a?— y) 1 

10. What is the nth power of (a — b) % 

182. When one of the terms of a binomial is a unify it is 
generally omitted in the power, except in the first or last 
term ; because every power of 1 is 1, (Art. 165,) and this 
when it is a factor, has no effect upon the quantity with 
which it is connected. (Art. 70.) 

11. Thus the cube of (a?-|-n is a?«-f 3i*« x l+3a?x l^+l', 
Which is the same as x^-\-3x^-\-3x+ 1. 

12. What IS the 4ih power of (a— 1) "i 

The insertion of the powers of 1 is of no use, unless it be 
to preserye the exponentif of both the leading and the follow- 
ing quantity in each term, for the purpose of finding the 
co-efficients. But this will be unnecessary, if we bear in 
mind, that the sum of the two exponents, in each term, .is 
equal to the index of the power. (Art. 179, 3.) So that, if 
we have the exponent of the leading quantity, we may know 
that of the follotoing quantity, and v. v. 

13. What is the 6th power of (1 — y) 1 

14. What is the nth power of (1+x) 1 

183. The binomial theorem may also be applied to quanti- 
ties consisting of more than iwo terms. By substitution, 
several terms may be reduced to two, and when the com- 
pound expressions are restored, such of them as have expo- 
nents may be separately expanded. (Art. 159.) 

15. What is the cube of a-\^h-\-c\ 
Substituting h for (^-hc), we have a+(ft+c)s=a-f-A, 
And by the theorem, (a+^)3=.i3-|- 3^2 A-j-3aA 2-4.^3, 



Quest. — When one of the tenns of a binomial is a «nt7, how proceed T 
Can the hinomial theorem be applied to quantities which have more than 
iwo tenns I How ? 
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* 

That isy restoring the value of A, 

(a+^+c)»-.a' + 3a2 X (6+c)+3a X (b^Y +(*-K)'. 

The last two terms contain powers of (6-f^) \ but these 
may be separately involved. 

183.a. Binomials, in which one of the terms is a fraction, 
may be involved by actual multiplication \ or by reducing 
the given quantity to an improper fraction, and then involv- 
ing the fraction according to Art. 171. 

16. Find the square of «+i j and r— J, as in Art. 173, 

x^-^x x^ — \x 

Or, reduce the mixed quantities to improper fractions. 
Thus, ir+i=?£±lj anda— i>=*f=i. (Art. 120.) 

C 2^4-1 \ '_ 4z»+4a4-l . ^ / 2a;- 1 \* fea— 4<t.fl 
V 2 ; 4 ' i^ 2 j" 4 

17. Find the square of a-J- -. 

18. Find the square of x — -. 

19. Find the square of f-3a;y. 

20. Find the square of — = -f-2a^. 



Quest, — ^How inyolve a binomial when one tenn If a fraetion f 
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POWERS. 


EXAMPLES 


FOB PRACTICE. 


1. Expand (x+yy. 


2. Expand (a-\.by. 


3. Expand (a— 6)«. 


4. Expand (x+y)». 


5. Expand (a? — y)®. 


6. Expand (m+ny. 


7. Expand (a+by. 


8. Expand (a?+y)i^ 


9. Expand (x— y)i^ 


10. Expand (a^by. 


11. Expand (a+6)8. 


12. Expand (2-fa?)\ 


13. Expand (a^-bx+cy. 


14. Expand (a+3bcy. 


15. Expand (2a^— a?)*. 


16. Expand (4a*+5c«)", 


17. Expand (3a?— Oy)'. 


18. Expand (5a+3d)3. 
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ADDITION OF POWERS. 

184. It is obvious that powers may be added, like other 
quantities, by writing them one after another^ with their signs. 
(Art. 47.) 

1. Thus the sum of a* and 6^, is a^+b^. 

2. And the sum of a^— ft* and A«— rf*, is a^— ft«+A«— rf*. 

185. The same powers of the same letters are like quantities j 
(Art. 28;) hence their co-efficients may be added or sub- 
tracted, as in Arts. 50 and 51. 

3. Thus the sum of 2a^ and 3a^, is 5a^. 

4 5. 6. 7. 8 

To — ar«y« 33"» 3a*y« —5a^h^ 3(a+y)« 

Add — 2a^y» 6^ — 7<^V 6aW 4(a+y)« 

185. a. But powers of different letters j and different powers 

of the same letter, are unlike quantities^ (Art. 28 ,) hence they 



Quest. — What is the general method of adding powers ? How are the 
9ame powert of the same Uttert added ? How are powers of different Ut' 
ter», and different powert of the tame letter, added ? 
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can be added only by writing them down with their signt. 
(Art. 55.) 

9. The sum of a^ and a^, is a^-|-a^. 

It'is evident that the square of a, and the cube of a, are 
neither twice the square of a, nor twice the cube of a. 

10. The sum of a^b* and 3a**«, is a^*+3a^b^. 

186. From the preceding principles we deduce the fol- 
lowing 

6BNBKAL KVLB FOR ADDIIfO FOWSBt. 

I. y ihe powers are like quantitiee^ add their co^fficienie^ 
and to the sum annex the common letter or letters wuh their 

given indices, 

11. If the powers are unlike quantities^ they must be added 
by writing ihem^ one after another^ without altering their 
signs. 

11. Add 5a<a— &)3+x(a— 6)3 to 2a?(o— ft)3+10ar(a— 5)3. 

12. Add 3(x+yy+5a^--4,(x+yy to 10a«+6(a?+y)*. 

13. Add a362-fx«y*H-a2^ and —x^y^-{-a*b^. 

14. Add 5a^b<^, 3a^bc\ a^bc^ and 2a^bc\ 

15. Add 3a3-[-5c2-f 5a3-)-2*c« and a^+5bc^ to 6a3-f 26c». 

16. Add^(a:y — cm)% 3(xy — c«)«, — } («y — «»)• and 

^xy — emy» 

SUBTRACTION OF POWERS. 

187. Rule. — Subtraction of powers is performed in the same 
manner as addition^ except that the signs of the subtrahend must 
be changed as in simple subtraction. (Art. 60.) 



Quest. — General rule for adding powers? How are powers tub* 
traded? 
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1. From 2a^ uke — Go^. Ans. SaK 

% From —3b* 3. Sk^f/^ 4. a^^* 5. 5(a— A)« 

Take U* U^ w^b* a(a— A)« 

6. From 6a(a^y take a(fl f 6)*. 

7. From I7a«a?5+5xy« take 12a^3?—^Xf^. 

8. From 3a3(42_8)3 take a3(i9_8)3. 

9. From a«63+ay take a^lfi—a^yK 

10. From 5(x»+3^)3— 3(a2— 6»)5 take — 3(a*— 63)3-f4(ai3 

11. From 2a?(a— 6)3-f.3(a— .6)3 take a?(a— 6)3+3(«— ^)8. 

12. From i(a?-f.y)2-[4(a+5)3 take Ka?+y)'+K»+^)^- 

MULTIPLICATION OF POWERS. 

188. Powers may be multiplied, like other quantities, by 
writing the factors one after another, either with, or without,, 
the sign of multiplication between them. (Art. 72.) 

1. The product of c? into l^ is aW\ and x^ into a* is 

2. Mult, k^-* 3. 3ay 4. ^^a^jr* 5. a2^3y« 
Into o* —2a? 46y* a^^ 

188.a. If the quantities to be multiplied, are powers of the 
same rooty instead of writing the factors one after another, 
as in the last article, we may add their exponents^ and the 
sum placed at the right hand of the root will be the product 
required. 

The reason of this operation may be illustrated thus : 

t^Xifi is aV. (Art. 188.) But a^=aa^ and a^=aaa. 

And oaxaaa^isaaaaasi^aK (Art. 80.) The sum of the ex- 
ponents 2-|-3, is also 5. So (^» x c/"=c^'"+*. 

N. B. The same principles hold true in all other powers 
of the same root. 
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189. Hence we deduce the following 

GBNBftAL RULE FOR MULTIPLYING POWERS. 

I. Powers of the same root may be multiflitd by adding their 
exponenis. (Art. 188.a.) 

II. If the powers have co-efficients^ these must be multiplied 
together J and their product prefixed to ihe common letter or lee- 
ters. 

III. Powers-of different roots are multiplied by writing them 
one after another, either with, or without^ the sign of mulUpHca- 
tion between them. (Art. 188.) 

Thasa2xa®=a2+«=o8. And jr»Xx2xap=x'+*»-i=««. 

6. 7. 8. 9. 10. 

Mult. 4a« 3a?* fty ^^^^ {b+h^yY 

Into 2a« 2x3 ^4^ i^^ (^+A— y) 

11. Mult, a^+xhj+xy^+y^ into o^-y. 

12. Mult. 4^y+3a?y— 1 into 2«2— a?. 

13. Mult. a?3+a?— 5 into 2a?2+a?4-l. 

190. The rule is equally applicable to powers whose ex- 
ponents are negative, i. e. to reciprocal powers. 

14.. Thus ar'^xoc^^a-^. That is, i-X- ^ ^ 



aa aaa aaaaa 

15. Mult. y» into y^ into y^. 

16. Mult. flr2 into a-3 into a^. 

17. Mult, a-2 into a^ into — a"*. 

18. Mult, o* into a^ into — a^**. 

19. Mult. y2 into f into —y^y^. 



QxTEST. — How are powers of the same root multiplied ? Of different 
roots ? When the powers have co-efficients, what must be done with 
them ? Is this role applicable to reciprocal powers 7 
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20. Jf a^ be multiplied into a — 5, the pioduct will be 
a^—b^, (Art. 86 j) that ii, 

191. The produce of the sum and difference of t%(^o quantities^ 
is equal to the difference of their squares. 

This is an instance of the facility with which general truihs 
are demonstrated in algebra. 

If the sum and difference of the squares be multiplied, the 
product will be equal to the difference of the fourth powers, 
&c. 

21. Mult, (a—y) into (a+y). 

22. Mull. (a2— y2) into (a^+y^). 

23. Mult, (a*— y*) into (a^+y^). 

24. Mult. a^-\-a^+a^ into a^—1. 

25. Mult. 3a(a;»— ^»)» into 2a(a;2— y^)*. 

26. Mult. i(a2^3)3 into J(a2^»)2. 

27. Mult. a»— &2 into a^+b^. 

^ 28. Mult. a;'+a;3y-f.a;y2«|.y3 into a:-|-y. 

29. Mult. a^'-2a^b^^AaH^—Sab^+16b*' into a+2b. 

30. Malt, a^+b into a^— 8. 

DIVISION OF POWERS. 

192. Powers may be divided, like other quantities, by 
rejecting from the dividend a factor equal to the divisor ; or 
by placing the divisor under, the dividend, in the form of a 
fraction. Thus the quotient of a^b^ divided by b^, is ^i'. 





1. 


2. 


3 


4. 


DiT. 


9a»y* 


IZb'x* 


anySa'y* 


dx(a—h-\-yy 


By 


— 3a» 


26» 


a' 


(a-h+yy 



QtJEST.-T-What is the prodncl of the sum and difference of two quanti- 
ties equal to 7 

10 
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5. The quotient of a* divided by a', is ~ . Bat this is 

equal to a^. For, in the series 

a+S a+», o+^ a+i, a^ a^i, cr^, a"', a"*, &c , 
if any term be divided by another, the index of the quotient 
will be equal to the difference between the index of the divi- 
dend and that of the divisor. - 

Thusa^-d^^^^^-a^ And tf--a-=^=ii— . 



aaa 



193. Hence we deduce the following 

GENERAL BULB POB PlVIDlKC POWERS. 

I. Jl power may be divided bf another power of the same 
root by subtracting the index of the divisor from that of the divi- 
dend, ^ . t JC 

II. If the divisor and dividend have co-effictents^ the co-ejfi- 

dent of the dividend must be divided by that of the divisor. 

(Art. 96.) 

III. If the divisor and dividend are both compound quantities^ 
the terms must be arranged^ and the operation conducted in the 
same manner^ as in simple division of compound quantities. 
(Art. 107.) 

6. Thus y»H-y^=y*~^=y^. That is, M =y. 

7. Divide a»+^ by «. 8. Divide «* by z\ 

9. 10. 11. 12. 13. 

Divide y^m 56 ^n^ a«+s 12(6-fy)» 

By y* b^ ^a*" a^ K^+vY 

194. The rule is equally applicable to reciprocal powers. 

Quest. — How is a power divided by another power of the same rootf 
If the divisor and dividend have co-efficients, how proceed ? When they 
are both compound quantities, how ? Is this rule applicable to reciprocal 
powers? 
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Thus the qaotient of «"* -7- a"' , is cr^ . 

J hat 18 ; =r X = = — • 

Qfuuta aaa aaaaa 1 aaaaa aa 

15. Divide — x'^ by «"'• 

16. Divide A^ by A-i. 

17. Divide 6a« by 2a~*. 

18. Divide ba^ by a. 

19. Divide 6* by 6*. 

20. -Divide a* by a''. 

21. Divide (a^+y^)"* by (a»4.y»)». 

22. Divide (b+x)* by (6+ip). 

ExampltM ofcomprntni divison with indices. (Art. 105.) 

23. Divide a'+z* by tf+x. 

24.. Divide fl*+4a:* by fl2_2aa;+2a;». 

25. Divide x^ — 1 by z — 1. 

26. Divide a^+2a^b+2a^b^+ab^ by a'+aa^+a^*. 

27. Divide Z»8_i6c8 by 62— 2c2. 

28. Divide a^—a^x—a^x^+2x^ by a*— «'. 

29. Divide a^ + iaH+6a^b^+Aab^+b^ by a24-2a6+52. 

30. Divide 8^'— y' by 2a?-— y- 

31. Divide z^ — 2ax^ + 3a^x—a^ by x—a. 

32. Divide 2y»— 19y2+26y— 16 by y— 8. 

33. Divide a:«—l bya:+l. 

34.. Divide 4«*— Q^a+ear— 3 by 2x2+3rr— 1. 

35. Divide a* +4a254- 3^4 by a +26. 

36. Divide a;*— fl«ar2+2tf'a;— a* by a;»— oar+a^. 

194i.a. A regular series of quotients is obtained, by divid- 
ing the difference of the powers of two quantities, by the dif- 
ference of the quantities or roots. Thus, 
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37. Divide (^*— tf^) by (y— «). Ans. y+a. 

38. Divide (y*— a») by {y—a). 

39. Divide (y^--a^) by (y — a). 

40. Divide (y*— a*) by (y— a). 



GBEATEST COMMON MBASURB. 

195. (1.) A common measure of two or mor^ quantities, is 
a quantity which will divide or measure them without a re- 
mainder. (Art. 30.) Thus 2^ is a common measure of 12dy 
6J, Sd, &c. 

(2.) The greatest common measure of two or more quanti- 
ties, is the greatest quantity which will diride these 'quanti 
ties without a remainder. Thus 6d is the greitest common 
measure of 12 J and ISd i and 8 is the greatest common 
measure of 16, 24 and 32. 

195.a. To find the greatest common measure of two or 
more quantities. 

Divide one of the quantities by the oiheTy and the preceding 
divisor by the last remainder > tiil nothing remains ; the last di' 
visor will be the greatest common measure. 

196. The greatest common measure of two quantities is not 
altered by multiplying or dividing either of them by any quan* 
tity which is not a divisor of the other^ and which contains no 
factor which is a divisor of the other* 

The common measure of ab and at, is a. If either be 
multiplied by d^ the common measure of abd^ and ac^ or of 
ab and acd^ is still a. On the other hand, if ab and aed are 



Quest. — ^What is a eommon measure 7 What the greatest eommoa 
measure ? How found ? How is it affeeted by multiplying or dividing 
either of the quantities by any quantity which is not a divisor of the 
other? 
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the given quantities, the comnion measure is a \ and if acd be 
divided by d, the common measure of ab and ac, is a. 

Hence, in finding the common measure by division, the 
divisor may often be rendered more simple, by dividing it by 
some quantity which does not contain a divisor of the divi- 
dend. Or the dividend may be multiplied by a factor, which 
does not contain a measure of the divisor. 

1. Find the greatest common measure of 
6a«-f 1 lax 4- 3a?2 and 6a^-f-7(ia?— Sa^. 

6a2-|- 7aa?— 3a« 

Dividing by 2a:)4ap-|-6jr* 

2a-f3a;)6a2+7a«— 3a:5(3a— X 
6a«4-9aa; 



— 2aa;— 3a?2 

* • 
After the first division, the remainder is divided by 2x, 
which reduces it to 2a-|-3T. The division of the preceding 
divisor by this, leaves ho remainder. Therefore 2a-j-3jp is 
the common measure required. 

2. What IS the greatest common measure of rr^ — b^x and 
x'^+2bx+b'^'\ 

3. What of cx+x'^ and a^c-f a% 1 

4. What of 3^— 24»— 9 and 2^3— 16x— 6 1 
.5. What of a*—b* and a^-^b'^a^ 1 

6. What of J?8— 1 and xy+yl 

7. What of x^—a^ and «*— a^ % 

8. What of a^— aft— 262 and a^^^Zab+^b^l 

10* 
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9. What of a*— «* and o^-^hi^x — aa«-)-ap3 \ 
10. What of a^-^ and a«+2a*-h62 \ 

7KACTION8 CONTAINING POWfeKS. 

197. In the section on fractions, the following examples 
were omitted for the sake of avoidbg the anticipation of 
powers. 

1. Redace _ to lower terms. Ans. -^. 
3a* • 3. 



« ^ 5a* 5aaaa 5aa 
J? or ---s= — -T — «> ^ . 
3aS 3aa 3 


(Art. 117.) 


2 Reduce ^. • ^ 




3. Reduce ^2^ 


-.>- 



4. Reduce ??5tiW±Bf|(!. 

6a«y+4ay2 / 

5. Reduce — and ^ to a common denominator. 

0^X0"* is 0-*, the first numerator. (Art. 118.) 

03 X a-' is a^=l, the second numerator. (Art. 163,4) 

a^XflH is a-', the common denominator. 

The fractions reduced are therefore ^ — and . 

6. Reduce and -.. to a common denominator. 

5a^ a* 

7. Multiply ?^ into i^ 

'^•^ 4a?^ 2:c* 

8. Multiply !!!±^ into 2=1 

6* 3 
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9. Multiply ?!±imto^!=ll. 

10. MoWply i^ into^ and -fl. 

11. Divide ^ by ?!. 

yS ya 

12. Divide i!=:fl by r^=£2, 

13. Divide ^ZJCl by ^"+rr. " . 

14. Divide ^!=1 by <*;±1.^ 



SECTION IX. 



BOOTS. 



Art. 198. If we resolve 6^, or bbbj into equal factors, viz. 
by h and 5, each of these equal factors is said to he a root of 
b^. So if we resolve 27 into any namher of equal factors, 
as 3 X 3 X 3, each of these equal factors is said to he a- root 
of 27. And when any quantity is resolved into any numhcr 
of equal factors, each of those factors is said to he a root of 
that quantity. 

199. ^ root of a quantity^ thetiy is a factor^ whtchy multiplied 
into itself a certain number of times^ will produce thai 
quaniity. 

The numher of times the root must he^taken as a factor to 
produce the given quantity, is denoted hy the name of the root 

QuxsT. — ^What is a root I 
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Thus 2 is the 4th root of 16; hecause 2x2x2x2=16, 

where two is taken /bur times as a factor to produce 16. 

So cfi is the square root of a^ ; for a^ X a^^=^a\ (Art. 189.) 

Powers and roots are correlative terms. If one quantity 

is a power of another, the latter is a root of the former. As 

b^ is the cuhe of ft, so b is the cube root of P. 

200. There are two methods in use, for expressing the 
roots of quantities ; one by means of the radical sign -y/, and 
the other by a fractional index. The latter is generally to 
be preferred ; but the former has its uses on particular occa- 
sions. 

When a root is expressed by the radical sign, the sign is 
placed before the given quantity, in this manner, -y/a. 
Thus ^ a is the 2d, or square root of a. 
|/ a is the 3d, or cube root. 

201. The figure placed over the radical sign, denotes the 
number of factors^ into which the given quantity is resolved j 
i. e. the number o( times the root must be taken as 9i factor to 
produce the given quantity, 

Thus^»o^ shows that a' is to be resolved into two factors, 
and ^ a\ into three factors ; and ^a*,into n factors. 

The figure for the square root is commonly omitted, and 
the radical sign is simply written before the quantity, thus 

202. When a figure or letter is prefixed to the radical sign, 
without any character between them, the two quantities are 
to be considered as multiplied together. 



Quest. — How many ways to express the roots of quantities ? The 
first ? Second ? Which is preferred ? What does the figure placed over 
the radical sign denote? Is the figure used in denoting the square 
root ? When a figure or letter is prefixed to the radical sign, what does it 
show? 
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Thus 1y/a^ is 2x Va, that is^ 2 maltiplied into the root of 
a, or which is the same thing, ivoict the root of a. 

And x^hy is X X -yjh^ or x times the root of h. 

When no co-efficient is prefixed to the radical ngn, 1 is 
always understood \ -^/a being the same as \y/a^ that v^onM 
the toot of a. 

203. The cvht root of a« is a'. For a' x a* X «'=»«•. 
(Art. 199.) 

Here the index is divided into thret equal parts, and the 
quantity itself resolved into three equal factors. 

The square root of a' is a^ or a. For axosa'. 

By extending the same plan of notation, fracHanal indtca 
are obtained. 

Thus, in taking the square root of a^ or c, the index 1 is 

divided into two equal parts, ^ and ^ ; and the root is o^. 
On the same principle, the cube root of a, is ^^=^ a. 
The nth root, is a*=y a, &c. 

204. Every root, as well as" every power of 1, is 1. (Art. 
165.) For a root is a factor, which multiplied into itself will 
produce the given quantity. But no factor except 1 can pro- 
duce 1, by being multiplied into itself. 

So that 1", 1, y^l, y 1, &c., are all equal. 

205. ^egcdive indices are used in the notation of roots, as 
well as of powers. (See Art. 163, 4.) 



1 ^1 1 .1 1 ^ 
cfl a^ a* 



Quest. — ^When none is prefixed, what is understood ? What is every 
root (^ 1 T Do roots ever have negative indices T 
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POWERS OF SOOTS. 

206. In the preceding examples of roots, the numerator 
of the fractional index has heen a unit. There is another 
class of quantities, the numerators of whose indices sregreater 

than 1, as &% c^, &c. These quantities may he considered 
either ns powers of roots, or roots oC powers. 

N. B. In all instances, when the root of a quantity is de- 
noted hy a fractional index, the denominator^ like the figure 
over the radical sign, (Art. 201,) expresses the root, and the 

numerator the power. Thus a^ denotes the cube root of the 
first power of a, i. e. that a is to he resolved into three equal 

factors ; for c^Xii^X a*s=a. On the other hand, c*^ denotes 
the third power of i\ie fourth root of c, or xYlq fourth root of 
the third power. One expression is equivalent to the other. 

4 8 

1. What is a^ equal to 1 2. What is x^ equal to 1 

3. What is y^ equal to 1 4. What is h^ equal to 1 

5. Write the fifth root of the fourth power of a. 

6. Write the seventh power of the ninth root of d. 

207. The value of a quantity is not altered, hy applying 
to it a fractional index whose numerator and denominator are 
equal. 

Thus a=a2=o^=a". For the denominator shows that 
a is resolved into a certain number of factors j and the nu- 

n 

merator shows that all these factors are included in a**. 

Quest. — What is meant by powers of roots ? What does the de- 
nominator of a fractional index express? What the numerator? 

Explain xi \ also 63", cTcT, yToo. When the numerator and denomi- 
nator are equal, how does the index aflfect the quantity ? How simplify 
fnch an expression ? 
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Oft the other hand, when the numerator of a fractional in- 
dex becomes equal to the denominator, the expression may 
be rendered more simple by rejecting the index. 

Instead of a », we may write a. 

207.a. The index of a power or root may be exchanged 
for any other index of the same value. 

...«v^«vi «* V. , we may put a^. 

For in the latter of these expressions, a is supposed to be 
resolved into twice as many factors as in the former ] and 
the numerator shows that twice as many of these factors are 
to be multiplied together. Hence the value is not altered. 

208. From the preceding article, it will be easily seen, that 
a fractional index may be expressed in decimals. 

1 5 

7. Thus a2==^To^ or a®** ; that is, the square root is equal 
to the fifth power of the tenth root. 

-1 2 , , 

8. Express a^ in decimals. 9. Express a^ in decimals. 

10. Express a^ in d^ecimals. 11. Express a^ in decimals. 

12. Express a * in decimals. 

In many cases, however, the decimal can be only an ap- 
proximation to the true index. 

13. Thus a^=a^'^ nearly, or a®*^'^^^ more nearly. 
In this manner, the approximation may be carried to any 
degree of exactness which is required. 

5. 11 

14?. Express a^ in decimals. 15. Express a ^ in dec. 
N. B. These decimal indices form a very important class 
of numbers^ called logarithms. 

Quest. — What is the effect when one index is exchanged for another 
index of the same value ? Can a fractional index be expressed in deci- 
mals ? Can it be expressed exactly by decimals in all cases ? What class 
of nombers are thus found ? 
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BVOLUTION . 

209. The process of rwoZring quantities into equal factors^ 
is called Evolution. 

In subtraction^ a quantity is resolved into two parts. 

In division J a quantity is resolved into two factors. 

In evolution, a quantity is resolved into equal factors. 

Evolution is the opposite of involution. One is finding a 
power of a quantity, by multiplying it into itself. The other 
is finding a root, by resolving a quantity into equal factors. 
A quantity is resolved into any number of equal factors, by 
dividing its index into as many equal parts. 

210. From the foregoing principles we deduce the following 

6ENEBAL BULB FOR EVOLUTION. 

I. Divide the index of the quantity by the number expressing 
the root to be found. Or, 

Place the radical sign belonging to the required root over the 
given quantity. 

II. If the quantities have co-efficients, the root of these must 
be extracted and placed before the radical sign or quantity. 
Thus, 

To find the square root of d\ divide the index 4 by 2, i. e. 

dfs</3. So the cube root of (i^, is d^=d^. 

Obser, — From the manner of performing evolution it is evident, that the 
plan of denoting roots hy fractional indices, is derived from the mode of 
expressing powers hj integral indices. (Art. 203.) 

QxTEST. — ^What is evolution 7 Into what are quantities resolved ia 
subtraction ? Into what, in division 7 Into what, in evolution 7 How 
is a quantity resolved into any number of equal factors 7 Rule for evo- 
lution 7 What is the plan of denoting roots by fractional indices derived 
firom7 
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1. Required the cube root of a*. Ans. a*. 

2. Required the cube root of a or a\ Ans. «», or ^ a. 

For a^ X a^ X a^, or ^ a X J/ a X J/ a=n:a. (Art. 199.) 

3. Required the fifth root of ab. 

4. Required the nth root of a'. 

5. Required the seventh root of 2d — ar. 

6. Required the fifth root of (a — x)^. 

7. Required the cube root of aJ. 

8. Required the fourth root oi (f^. 

9. Required the cube root of cfi. 

10. Required the nth root of «*•. 

11. Required the third root of a^ 

12. Required the fourth root of a:®. 

13. Required the second root of z^, 
14** Required the fifth root of d^. 
15. Required the 8th root of a^. 

210.a. ^he rule in the preceding article may be applied to 
every case in evolution. But when the quantity whose root 
is to be found, is composed oi several factor s^ there will fre- 
quently be an advantage in taking the root of each of the 
factors separately. 

This is done upon the principle that the root of ike fro* 
duct of several factors^ is equal to the product of their roots. 

Thus ^/ab^^ax ^h. For each member of the equation 
if involved, will give the same power. 

When, therefore, a quantity consists of several factors, we 
may either extract the root of the whole together; or we may 



Qu£8T. — ^What is the root of the product of several f^ictors equal to 7 
11 
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find the root of the factors separately, and then multiply them 
into each other. 

16. The cuhe root of xy^ is either (^ry)*, or a?*y ' . 

17. Required the fifth root of 3y. 

18. Required the sixth root of abh. 

19. Required the cuhe root of Sb. 

20. Required the nth root of x*y. 

211. The root of a fraction is equal to the root of the nume 
rator divided by the root of the denominator. 

i i i 

21. Thus the square root of -=1 . For — x _=-. 

* bi b^ b^ ^ 

* a 

22. Required the nth root of t* 

23. Required the square root of JL. 

ay 

212. Signs. — (i.) ^n odd root of any quantity has the same 
sign as the quantity itself, 

(2.) jSn even root of an affirmative quantity is ambiguous. 
(3.) Jin even root of a negative quantity is impossible. 

213. But an even root of an affirmative quantity may he 
either positive or negative. For, the quantity may be pro- 
duced from the one, as well as from the other. (Art. 169.) 

Thus the square root of a^ is -j-a, or — a. 
An even root of an affirmative quantity is, therefore, said 
to he ambiguousj and is marked with the sign zt. Thus the 

square root of 3*, is ifc -y/Sb, The 4th root of ar, is dzx^. 

The ambiguity does not exist, however, when from the 
nature of the case, or a previous multiplication, it is known 



Quest. — ^What is the root of a fraction equal to? Rule for signs f 
What is the even root of a positive quantity 7 Of a negative quantity ? 
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whether the power has actually been produced from a post' 
tive or from a negative quantity. 

214<. But DO even root of a negative quantity can be found. 

The square root of — a^ is neither -j-a nor — a. 

For -j-ax-|-a=-t-a^. And — ax — a=-^a^ also. 

An even root of a negative quantity is, therefore, said to be 
impossible or imaginary. 

215. The methods of extracting the roots of compound 
quantities are to be considered in a future section. But there 
is one class of them, the squares of binomial and residual 
quantities, which it will be proper to attend to in this place. 
The. square of a-f-^, for instance, is a^-(-2a5-(-^2, two terms of 
which, a 2 and b^^ are complete powers, and 2ai is twice the 
product of a into 6, that is, the root of a' into the root of 6^. 

Whenever, therefore, we meet with a quantity of this de- 
scription, we may know that its square root is a binomial ; 
and this may be found, by taking the root of the two terms 
-which are complete powers, and connecting them by the 
sign -}-. The other term disappears in the root. Thus, to 
find the square root of x^ -\-2xy-\-y^ , take the root of a?^^ and 
the root of y^, and connect them by the sign -|-. The bino- 
mial root will then be x-{-y. 

In a residual quantity, the double product has the sign — 
prefixed, instead of -f-. The square of a — ft, for instance, is 
o2 — 2aft-|-ft2, (Art. 173.) And to obtain the root of a quan- 
tity of this description, we have only to take the roots of the 
two complete powers, and connect them by the sign — . 
Thus the square root of x^ — 2*ry+y2^ is x — y. Hence, 

216. To extract the square root of a binomial or residual. 
Take the roots of the two terms which are complete powers^ 

and connect them by the sign which is prefixed io the other term. 

Quest. — How extract the square root of a binomial or residual ? 
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1. To find the root o({s^+2x+l. 

The two terms which are complete powers, are d?^ and 1 
The roots are x and 1. (Art. 204.) Then x-\-l. Ans. 

2. Find the square root of a?2— .2x-|-l. (Art. 173.) 

3. Find the square root of a^-|-a-f-^. 

4. Find the square root of a^+^-j-l^. 

52 

5. Find the square root of a^-i-ab^^-—, 

4} 

6. Find the square root of a^-i-Lf— l , 

217. .^ root whose value cannot be exactly expressed in num- 
berSf is called a sxtrd, or irrational quarUity. 

Thus ^^2 is a surd, because the square root of 2 cannot be 
expressed in numbers, with perfect exactness. 
In decimals, it is 1.41421356 nearly. 

218. Every quantity which is not a surdy is said to be ra- 
HonaL 

219. By Radical Quantities is meant, all quantities which 
are found under the radical sign^ or which have a fractional 
index. 

EEDTTCTION OF RADICAL QUANTITIES 

220. Case I. To reduce a rational quantity to the form of 
a radical without altering its value. 

Raise the quantity to a power of the same name as the given 
rooty and then apply the corresponding radical sign or index. 

QxTEST. — ^What is a surd? What a rational quantity? What are 
radical quantities ? How reduce a regional quantity to the farm of a 
radical? 
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1. Reduce a to the form o£ the nth root. 
The nth power of a is a«. (Art. 166.) 

Ov^er this, place the radical sign, and It becomes y a\ 
It is thus reduced to the form of a radical quantity, with- 

n 

out any alteration of its value. For ^ a^=s^ssa. (Art. 207.) 

2. Reduce 4 to the form of the cube root. 

3. Reduce 3a to the form of the 4th root. 

4. Reduce ^<ib to the form of the square root. 

5. Reduce 3x(a — x) to the form of the cube root. 

6. Reduce a^ to the form of the cube root. 

N. B. In cases of this kind, where a power is to be reduced 
to the form of the nth root, it must be raised to the nth 
power, not of the given letter^- but of the power of the letter. 

Thus in the 6th example, a^ is the cube, not of a, but of a^. 

7. Reduce a^M to the form ,of the square root. 
S^educe a^ to the form of the nth root. 

221. Case II. To reduce quantities which have different • 
indices, to others of the same value haVing a common index. 

(1.) Reduce the indices to a common denominator, 

(2.) Involve each quantity to the power expressed by the nu- 
merator of its reduced index, 

(3.) Take the root denoted by the common denominator. 

9. Reduce a^ and b^ to a common index. 

1st. The indices ^ and ^ reduced to a common denomina- 
tor, are ^\ and -j^. (Art. 118.) 

2d. The quantities a and b involved to the powers express- 
ed by the two numerators, are a^ and b^, 

Qu£ST. — ^Howfiluce quantiti^Miich have different indices to a com* 
ftumindez? 

11* 
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3d. The root denoted by the common denominator is the 
^th. The answer, then, is («')" and (b^)^. 

The two quantities are thus reduced to a common index, 
without any alteration in their values. 

For by Art. 207.a, a^==:aTJ which by Art. 206,=(a3)iV 

And universally, a*=a*"=(a^)'»»«'. 

10. Beduoe a^and ba^ to a eommon index* 



3 



\i M (ii^\i nnd r^***^i 



Ans.a^ and (bx)^, or (a')« and (5*4P*)« 
1 11 

11. Beducea^ and 6"* 12. Reduce shandy"*. 

13. Reduce 2^ and 3^. 14. Reduce (a-|-6)2 and (ar—y)^ 

15. Reduce a^ and b^. 16. Reduce z^ and 53. 

222. Case III. To reduce a quantity to a given index. 

Divide the index of the quantity by the given indexy place the 
quotient over the quantity ^ and set the given index over the wXole. 

This is merely resolving the original index into two fac- 
tors. (Art. 209.) 

17. Reduce a* to the index ^. 

This is the index to be placed over a, which then becomes 

a* 5 and the given index set over this, makes it (a^)j the 
answer. 

3 

18. Reduce a^ and «^ to the common index J. 
2^^=2 X 3=6, the first index. ) 

•|-f- j^=|^ X 3=1^, the second index. 5 

Therefore (a®)* and (x^y are the quantities required. 



Quest.— How reduce a qaantity to o, given iadex? 
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19. Reduce 4^ and 3^^ to the common index J. 

20. Redace x^ and y^ to the common index •}-. 

21. Redoce a* and b^ to the common index -}>. 

22. Reduce c^ and d^ to the common index f • 

23. Reduce a^ and i*» to the common index »- 

24. Reduce a^, 6^ and c^ to the eommon index ^. 

223. Case IV. To reduce a radical quantity to its masi sim* 
pie terms; i. e. to remove a factor from under the radical sign. 

Resolve the quantity into two factors, one of which is an exact 
power of the same name with the root ; find the root of this power ^ 
and prefix it to the other factor, with the radical sign betwten 
them. 

This rule is founded on the principle, that the root of the 
product of two factors is equal to the product of their roots. 
(Art. 210.a.) 

It will generally he best to resolve the radical quantity into 
such factors, that one of them shall be the greatest power 
which will divide the quantity without a remainder. 

N. B. If there is no exact power which will divide the 
quantity, the reduction cannot be made. 

25. Remove a factor from -^/S. 

The greatest square which will divide 8 is 4. 

We may then resolve 8 into the factors 4 and 2. For 
4x2=8. 

The root of this product is equal to the product of the 
roots of its factors j that is -^8= -^4 X -v/2. 

But -^4=2. Instead of ^^4, therefore, we may substitute 
its equal 2. We then have 2 X V^, or 2 v'2. 

Qx7£6T. — ^How reduce a radical quantity to its simplest tenns. 
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26. Reduce V^x. Ans. ^a^x-y/x^^ax^Xz^a-y/x. 

27. Reduce V\B. 28. Reduce v^ eiifra^ 

29. Reduce V/-^- 30. Reduce V^. 

31. Reduce (as--^)^. 32. Reduce (b ^a%)^. 

33. Reduce V98a^a?. 34. Reduce v^ a^+a'A*. 

224. Ga8£ V. To introduce a co-efficient of a radical quan- 
tity under the radical sign. (Art. 220.) 

Rai8€ the co-^ficieni to a power qfthe same name as the radi* 
col party then place it a« a factor under the radical sign. 

35. Thus, ay b=^V o^. 

n ' __ 

For a=y a* or a* . (Art. 207.) And ?/ o» x V b=V a^'b. 

36. Reduce a{x — by to the form of a radical. 

^ Ans. (a% — a%y, 

37. Reduce 2a5(2ai«)*. 38. Reduce ^ {^^^ . 

b \a*-\-ly^J 

39. Reduce 2^2. 40. Reduce 4A^ c. 

BXAIiPLES FOE PRACTICE. 

1. Reduce 5v^6 to a simple radical form. 

2. Reduce ^vba to a simple radical form. 

3. Reduce 5^ and 6^ to the common index |. 

,4. Reduce a^ and a* to the common index \* 

5. Reduce ^^S to its simplest form. 

6. Reduce v^243 to its simplest form. 

QvxsT.— How introduce a oo-efficient under a radical «ign 7 
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7. Reduce.^ 54 to its simplest form. 

8. Reduce 7y^80 to its simplest form. 

9. Reduce 9J/ 81 to its simplest form. 

10. Reduce -^x^-^ax^- to its simplest form. 

11. Reduce -y/lQSa^x to its simplest form. 

12. Reduce ^x^ — c^x^ to its simplest form. 

ADDITION OF RADICAL QUANTITIES. 

225. It may be proper to remark, that the rules for addi- 
tion, subtraction, multiplication and division of radical quari' 
titles depend on the same principles^ and are expressed in 
nearly the same language, as those for addition, subtraction, 
multiplication and division oi powers. So also the rules for 
involution and evolution of radicals, are timUar to those for 
involution and evolution of powers. Hence, if the learner 
has made himself thoroughly acquainted with the principles 
and operations relating to powers, he has snhstantially ac- 
quired those pertaining to radical quantities, and will find no 
difficulty in understanding and applying them. 

225.a. When radical quantities have the same radical party 
and are under the same radical sign or index, they are like 
quantities. (Art. 28.) Hence their rational parts or co-effi' 
cients may be added in the same manner as rational quanti- 
ties, (Art. 56,) and the sum prefixed to the radical part. 
Thus, 2^b+3^b±=5^b. 

1. Add Y ay to 2y ay, 

2. Add —2^a to 5^a, 

3. Add 4(a?+A)^ to 3{x+h)^, 



Quest. — ^What is said respecting the rules for addition, snbtraetion, 
mnltiplication and division ; also for involution and evolntion of radi- 
cals ? How are radical quantities added, when the radical parts are 
alike? 
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4. Add Ibh^ to 5wi 

5. Add y^b^h to a^b-^h. 

226. If the radical parts are originally different, they may 
sometimes he made alike, hy the rules for reduction of radi- 
cal quantities. 

6. Add v^8 to -y/bO. Here the radical parts are not the 
same. But hy reduction as in Art. 223, -^8^2-^2, and 
V^50=5 V2. And 2^2+5^2=7^2. Ans. 

7. Add ^16b to ^4fb. 

8. Add -y/a^x to ^b*x. 

9. Add (36a2y)i to (25y)^. 

10. Add VlSa to 3^20. 

227. But if the radical parts, kfter reduction, are different^ 
or have different exponents^ the),quantitie8 heing unlike (Art. 
28 ;) then they can he added only hy writing them one after 
the other with their signs. (Art. 55.) 

11. The sum of 3V^ and 2-v/a, is S^b+^-y/a. 

It is manifest that three times the root of 5, and twice the 
root of a, are neither five times the root of ^, nor five times 
the root of a, unless b and a are equal. 

12. The sum of |/ a and ^ a, is |/ a+{/ o. 

The square root of a, and th^ cube root of a, are neither 
twice the square root, nor twice the cuhe root of a. 

228. From the preceding principles we deduce the following 

GENERAL RULE FOR ADDITION OF RADICALS. 

I. If the radical parts are the same, add their co-efficients^ 
and to the sum annex the common radical parts. 



Quest.— If they are originally different, how can they be made alike ? 
When they are unlikz quantities, how add them ? General rule ? 
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11. If the radicals are unlike quamiHes^ they must he added 
by writirig them^ one after another^ witkota altering their 
signs, (Art. 186.) 



EXAMPLES FOB PKACTICE. 

1. Add ^'11 to V^S. (Art. 226.) 

2. Add v^2 to V128. 

3. Add V180 to -v/^OS. 

4. Add 3^ 40 to ^135. 

5. Add Ay 54 to 5^ 128. 

6. Add 9y^43 to lO-v/363. 

7. Add V816 to yiS?. 

8. Add V9a»rf to ^l^a^d. 

9. Add arv'25««c to ^Z^c. 
10. Add 3^ a^b to 4^^ i^. 

SUBTRACTION OF BADICAL QUANTITIBS. 

229. Rule. — Subtraction of radicals is performed in the 
same manner as addition^ except that the signs of the subtra* 
hend must be chained as in subtraction of powers. (Art. 187.) 

1. From -^oy take 3^ay. Ans. — ^-^ay. 

2. From 4^ a+x take 3^a-f«. 

3. From 3A^ take — 5A^. 

4. From a^x-^-y)* take b{x-{'y)*. 

5. From — a » take — 2a *. 

6. From ^50 take -y/S. 

7. From ^ b*y take ^ ^ ^ 

Quest. — ^How are radical quantities subtracted 7 
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8. From f/^ take {/x. 

9. From 2^50 take v'lS. 

10. From ^ 320 take {/ 40. 

11. From 5^20 take 3^45. 

12. From ^SOc^ take V20a'a?. 



MULTIPLIOATION OF RADICAL QUANTITIES. 

230. Radical quantities may be multiplied, like other quan- 
tities, by writing the factors one after another, either with, or 
without the sign of multiplication between them. (Art. 72.) 

1. Thus the product of ^a into ^b, is y'a x -^b, 

2. The product of A^ into y^, isA^y^. 

But it is often expedient to bring the factors under the 
same radical sign. This may be done, if they are first re- 
duced to a common index. (Art. 221.) 

231. Hence^ quantities under the same radical sign or index 
may be multiplied together like rational quantities^ the pro- 
duct being placed under the common radical sign or index,* 
(Art. 210.0.) 

3. Multiply y X into ^ y, that is, x^ into y^. 

The quantities reduced to the same index, (Art. 221,) are 

11 .1 

(x^)^, and (y^)% and their product is, {xi^y^Y^^ rr^ . Ans. 

4. Multiply v^a-j-m into ^a — m. 

5. Multiply 'y/dx into -y/Ay. 



Quest. — How may radical quantities be multiplied ? How are factors 
brought under the same radical sign ? How multiplied when under the 
same radical sign ? 

♦ The case of an imaginary root of a negative quantity may be consider 
ed an exception. (Art. 214.) 
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. 6. Multiply a^ into a* 

7. Multiply (a-f y)« into (b+h)\ 

1 1 

8. Multiply a^ into «»•, 



9. Multiply -/ 8a?3 into / 2xb. Prod. / 16a?26^=»4a?ft. 

In this manner the product of radical quantities often 
becomes rationaL 

10. Thus the product of / 2 into / 18=/ 36=6. Ans. 
IJ. Multiply (a2y3)4 into (o^y)*. 

232. Roots of the same letter of quantity may be muUipliedj 
by adding their fractional exponents* 

N. B. The exponents, like all other fractions, must be 
reduced to a common denominator, before they can be united 
in one term. (Art. 122.) 

12. Thusoixa^=a^*^=at*^=:fli 

The values of the roots are not altered by reducing their 
indices to a common denominator. (Art. 207.a.) 

Therefore the first factor c^^cl^ 

And the second a^==a« 



But a® =a6 X a® X c^. (Art. 206.) 

2 11 * 

Anda^=a«"xa^. 

The product therefore is a^xc^Xc^Xd^ x'^=:=a^. 



N. B. In all instances of this nature, the common denomi- 
nator of the indices denotes a certain root ; and the sum of 



QussT. — ^How multiply roots of the raxoe letter? How are expo* 
nents united T 

12 
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the namerators, shows how often this is to be repeated as a 
factor to produce the required product. 

13. Thus o* X a^=a^'' X a"»» =a"»*. 

14. Multiply 3y* into y*. 

15. Multiply {a^h)^ into (a+^)^. 

1 1 

16. Multiply (a — yY into (a — ^y)"». 

17. Multiply x"^ into z" ». 

18. Multiply y2 i^to y"^. , 

19. Multiply a* into cT *. 

20. Multiply a;*"^ into a;^""*. 

21. Multiply a2 into a^. 

233. Any quantities may be reduced to the form of radi- 
cals, and may then be subjected to the same modes of ope- 
ration. (Art. 220.) 

1 1 19 1 J±I 

22. Thus y»xy«=y^+^=yT. 23. Anda:xar»=a? » . 

N. B. The product will become rational^ whenever the 
numerator of the index can be exactly divided by the denomi 
nator, ^ 

24. Thus a^xc^X a^==a^ =a*. (Art. 207.a.) 

25. Multiply (a+b)^ into (04-6)""^. 

26. Multiply a* into a*. 

234. When radical quantities which are reduced to the 
same index, have raiiqnal co-efficients^ the rational parts may 

Quest. — Caa all quantities be reduced to the form of radicals 7 How 
may they be treated then 7 When radicals have co-efficients, what most be 
done with them 7 
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be multiplied together ^ and their produd prefixed to the product 
of the radical parts. 

27. Multiply a^b into c^d. 

The product of the rational parts is ac. 
The product of the radical parts is -y/bd. 
And the whole product=ac-Y/W. Ans. 

28. Multiply ax^ into bd^. Ans. ab(x^d^)i. 

But in cases of this nature we may save the trouble of re- 
ducing to a common index, by multiplying as in Art. 230. 

29. Thus ax^ into bd^^ax^bd^. Ans. 

30. Multiply a(b+x)i into y(5— ^)i. 

31. Multiply a^y^ into b^hy. 

32. Multiply a^x into b^x, 

33. Multiply ax'^ into by"^. 

34. Multiply x^^S into y^ 9. 

235. If the rational quantities, instead of being cO'efficienta 
to the radical quantities, are connected with them by the 
signs -|- Ai^d — , each term in the multiplier must be multi- 
plied into each term in the multiplicand, as in Art. 78. 

35. Multiply a-f-'v/^ 
Into c-{-^d 

ac-\-c^b 

a^d-\-'^bd 

ac+c^b-\-a^d-^-^bd. Ans. 

36. Multiply a+ ^y into 1-j-ry^y. 



Quest. — ^When the radicals are compound quantities, how proceed 7 
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236. Hence we deduce the, following 

GENERAL RULE FOR MX7LTIPLYING RADICALS. - 

I. Radicals of the same root^ are multiplied by adding their 
fractional exponents, 

II. If the quantities have the same radical sign^ or index^ 
multiply them together as you multiply rational quantities, place 
the product under the common radical sign, and to this prefix 
the product of their cO'efficients. 

III. If the radicals are compound quantities, each term in the 
multiplier must he multiplied into each term of the multiplicand 
by writing the terms one after another ^ either vnth, or withoui 
the sign of multiplication between them. (Art. 1S9.) 

EXAMPLES FOR PRACTICE. 

1. Multiply ^ a into ^ b. 

2. Multiply 5v^5 into 3^8. 

3. Multiply 2V3 into 3^ 4. 

4. Multiply ^d into ^ ab. 

/lab /9ad 

sT into y -^f- 

6. Multiply a(a--a?)2 into (c — d) x (axy. 

7. Multiply 5v^8 into ^5. 

8. Multiply ^v^6 into ^^9. 

9. Multiply ^v^l8 into 5^20. 

10. Multiply 2v^3 into 13J^5. 

11. Multiply 72Ja^into 120Ja^. 

12. Multiply44-2v^2into2— v^2. 



Quest. — General rule for multiplying radical quantities 7 
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DIVISION OF RADICAL QUANTITIES. 

237. The division of radical quantities may be expressed 
by writing the divisor under the dividend, in the form of a 
fraction. 

1. Thus the quotient of ^ a divided by ^h^ is i—, 

2. And (a+A) * divided by (6-f x)» is (?±^. 

In these instances, the radical sign or index is separately 
applied to the numerator and denominator. But if the divi- 
sor and dividend are reduced to the same index or radical 
sign, this may be applied to the whole quotient. 

3. Thus V a^V b=—=\ /-- For the root of a 

fraction is equal to the root of the numerator divided by the 
root of the denominator. (Art. 211.) 

4. Again, Y ab-^V ^==V ^' For the product of this quo- 
tient into the divisor is equal to the dividend ; that is, 

yaxy b=Y ab. Hence, 
238. Quantities under the same radical sign or index^ may be 
divided like rational quantities^ the quotient being placed under 
the common radical sign or index, 

5. Divide (x^y^Y by y 3". 

These reduced to the same index are (x^y^)'^ and (y*)** 

13 1 

And the quotient is (z?^)^=a?^=a?2, Ans. 



Quest. — How is the division of radicals expressed 7 How is the radi- 
cal sign to be placed in this case ? How divide quantities under th» same 
radical sign? 

12* 
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6. Divide V6a»a: by Vsi. 

7. Divide ^sfdkx^ by V^. 

8. Divide (a»+«a?)* by a^. 

1 i 

9. Divide (a»A)»» by (ax)*», 

10. Divide (ay)^ by (ay)^. 

239. ./f rod iff divided by another root of the same letter or 
quantity^ by subtracting the index of the divisor from thai of the 
dividend. 

* 11, Thus a^-^a^=«a^^=«a^^r«a6=ira^. 

For a^=:a^=:a« xa» Xa% and this divided by a* is 

(^Xa^xa^ \^ \ 2 J 
— . = a* X «• =x® =a^. 

1 1 1^1 

12. In the same manner, a"»~a«=a« *. 

13. Divide (3a)^^by(3a)^ 

14. Divide (ca?)^ by (ax)^. 

15. Divide a^'^bya^. 

16. Divide («»4-y)» by C^+y)"- 

17. Divide (f2y3)^by(r2y»)7. 

239 a. Powers and roo^^ of the same letter, may also be 
divided by each other, according to the preceding article. 

18. Thus <»2^a^=a2"^=:a^. For a^ Xa3"=:a3^=a'. 



Qi7EST.-^Haw ^Tide one root by anotherrott of tliesame fetter ? How 
powers and roots of the same letter 7 
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240. WAen radiad quantiiiet which are rtduetd to the same 
indeXy have rational co-efficients, the rational parts may be di- 
vided separately, and their quotient prefixed to the quotient of 
the radical parts. 

19. Thus ac^bd-^a^b^zc^d. For this quotient multi- 
plied into the divisor is equal to the diridend. 

20. Divide 94a: ^ay hy 6-v/a. 

21. Divide ISdhy^bxhyU^x. 

1 I 

22. Divide ^y(a»x*)» by y(ax)\ 

23. Divide 16^^32 by S^4f. 
24t. Divide b-^xy by v^y. 

25. Divide ab(x^b)^ by a(x)i. 

These reduced to the same index are ab(x^bi)^ and a{x^y. 

The quotient then is 6(A)^=(5*)^ (Art. 224..) 
To save the trouble of reducing to a common index, the 
division may be expressed in the form of a fraction. 

The quotient wiU then be f^(^!^. 
Ul. Hence we deduce the following^ 

6ENEKAL RULE FOE SIVIDIVG EIDIOALS. 

I. If the radicals cansid of the same letter or quaniity, sub- 
tract the index of the divisor from that of the dividend^ and 
place the remainder over the common radical part or root. 

II. If the radicals have, coefficients^ the co-efficient of the 
dividend must be divided by thai of the divisor, (Art. 96.) 



QxnBST. — ^When the radicals have co-efficient8> "what is to be done with 
them ? Geaeral salt lbr4lvidiBg nrfteal qiMmtities t 
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III. If the qU4mtUies have thtsamt radical sign or index^ 
divide them a$ rational quantities j and place the quotient under 
the common radical sign. (Art. 193.) 

SZA1CPLE8 FOR PRACTICE 

1. Divide 2^ be by 3^ac. 

2. Divide 10?/ 108 by 55/ 4. 

3. Divide 10^27 by 2v'3. 

4. Divide 8^108 by 2^6- 

5. Divide (aHU^)^ by A 

6. Divide (16a» — 12a»a?)^by2iB. 

7. Divide 6v^l38 by 2^6. 

8. Divide 8^ 512 by 4J/ 2. 

9. Divide J^^ by | ^2. 

10. Divide v'7 by ^ 7. 

11. Divide 6v^54 by 3v^2. 

12. Divide 4J/ 72 by 2?/ 18. 

INVOLUTION OF RADICAL QUANTITIES. 

242. To involve a radical quantity to any required power. 
Multiply the index of the root into the index of the power to 
which it is to be raised. (Art. 170.) 

1. Tbus the square of a^^a^^^^ah For tf» xa5«a». 

2. Required the cube of a*. 

1 

3. Required the nth power of tf". 



4. Required the fifth power of cr^y* 



Q VIST.— How are radical naaBtitiet iavolv«d t 
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1 1 

5.* Required the cube of a* £«*• 

6. Requir'ed the square of a'x^. 

7. Required the cube of a'. 

8. Required the nth power of a\ 

243. ./f root is raised to a power of the same name^ by remoth 
ing the index or radical sign. 

N. B. When the radical quantities have ratimutl coefficients^ 
these mnst be involved by actual multiplication. 

9. Thus the cube o{V b^x^ is h+x. 

1 

10. And the nth power of (a — y)% is a — y. 

11. The square of a^ap, is a^y a^. 
Form ^xxaym=:m^^x\ 

I 

12. Required the nth power of a^os^. 

13. Required the square oiaVx—^ 

14. Required the cube of 3a{/ y« 

244. But if the radical quantities are connected with others 
by the signs -|- and — ^ they must be involved by a multipli- 
cation of the several terms, as in Art. 172. 

15. Required the square of «+l/y ^^^ ^ — Vy* 

«+\/y fl— Vy 

a+v'y ^—Vy 

a*-|-a -y/y d? — a -yjy 

«\/y+y — ai/y+y 



a«+2av'y+». a«-2aV'y+y- 



Quest. — How is a root raised to a power of the same name 7 If the 
radicals have eo-efficients, how proceed 7 If the radicals are compound 
qnantities^ how T 
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16. Required the cube of a — ^b. 

17. Required the cube of 2d+ ^x. 

18. Required the 4th power of -y/d. 

19. Required the 4th power of — Vap— 1- 

20. Required the 6th power of Va-^b. 

EVOLUTION OF RADICAL QTTANTITIE8. 

245. The operation for finding the root of a quantity which 
is already a rooty is the same as in other cases of evolution. 
Hence we derive the following 

RULE FOR THE EVOLUTION OF RADICALS. 

I. Divide the fractional index of the quantity by the number 
expressing the root to be found. Or, 

Place the radical sign belonging to the required root over the 
given quantity. 

II. If the quantities have rational co-efficients, the root of 
these must be extracted^ and placed before the radical sign^ or 
quantity. (Art. 210.) 

1. Thus, the square root of a*, is cfi'^^=(i^. 

2. Required the cube root of a(xyy. 

3. Required the nth root of aV by. 

4. Required the 4th root of -y/ax^ b. 

5. Required the 7th root of 128y d. 

245.0. From the preceding rules, it will be perceived that 
powers and roots may be brought promiscuously together, and 
subjected to the same modes of operation. 

Quest. — General rule for the evolation of radicals? 
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EXAMPLES FOE PEACTICE. 

1. Find the 4th root of Sla^. 

2. Find the 6th root of (a+6)-». 

3. Find the nth root of (x—y)^. 

4. Find the cube root of — 125a'a;«. 

5. Find the square root of — - . 

^ 9a?2y2 

6. Find the 5th roi>t of ???[!£l!. 

243 

7. Find the square root of z^ — 6bx+9b^. 

8. Find the square root of a'-fay-fiL. 

4 

9. Reduce ax^ to the form of the 6th root. 

10. Reduce — By to the form of the cube root. 

11. Reduce a^ and d^ to a common index. 

12. Reduce 4^ and 5* to a common index. 

13. Reduce a^ and b^ to the common index ^. 

14. Reduce 2* and 4* to the common index |^. 

15. Remove a factor from y^294. ^ 



16. Remove a factor from -y/x^ — a^x^. 



17. Find the sum and difference of ^16a^x and ^4m^x, 

18. Find the sum and difference of ^ 192 and ^ 24. 

19. Multiply 7^ 18 into 5^ 4. 

20. Multiply 4+2 V2 into 2- ^1. 

21. Multiply a(^a+^c)i into b(a^^c)^. 
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1 1 

22. Mifltiply 2(a+6)* into 3(a-fJ)*. 

23. Divide 6^b4, by 3^2. 

24. Divide 4^ 72 by 2^ 18. 
23. Divide v^ by ^ 7. 

26. Divide 8?/ 512 by 4?/ 2. 

27. Find the cube of 17^21. 

28. Find the square of 5+-v/2. 

29. Find the 4th power of ^-/6. 

30. Find the cube of -^x — V^ 



SECTION X. 

BEDUCTION OF B Q TJ A T I N S BT INVOLUTION. 

Art. 246. In an equation, the letter which expresses the 
unknown quantity is sometimes found under a radical sign. 
We may have ^x^=^a. 

To clear this of the radical sign, let each member of the 
equation be squared, that is, multiplied into itself. We shall 
then have ^xx^x^M=aa. Or, (Art. 243,) x^a\ 

The equality of the sides is not affected by this operation, 
because each is only multiplied into itself, that is, equal 
quantities are multiplied into equal quantities. (Ax. 3.) 

The same principle is applicable to any root whatever. 
If ^ Xssa ; then x=za\ For by Art. 243, a root is raised to 
a power of the same name, by removing the. index or radical 
sign. Hence, 
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247. To reduce an equation when the unlmown quantity 
is under a radical sign. 

Involve both aides to a power of the same name^ as the root 
expressed by the radical sign. 

N. B. It will generally be expedient to make the necessary 
transpositions, and to clear the equation of fractions, before 
involving the quantities ; so that all those which are not un- 
der the radical sign may stand on one side of the equation. 

1. Reduce the equation \/*+- ^=^ 

* Transposing -{-^ ^^/x^ 9 — 4=5 

Involving both sides, «= 5*2=25. Ans. 

2. Reduce the equation a+y » — ft=rf 
By transposition y«s=(f+i — a 

By involution «=a=(rf-^6 — a)». Ans. 

3. Reduce the equation -^ x-{-1=b4. 

4. Reduce the equation 4-4-3 V^^^=6-|-J. 



5. Reduce the equation Va^ + ^x^ — ^ — 

6. Reduce 3+2^^— 1=6. 

7. Reduce 4 y/^=S' 

8. Reduce (2jr+3)^+4=7. 

9. Reduce Vl2+a:=2+-v/ic. 

10. Reduce Vx — a=*^x — Jv^a. 

11. Reduce V^X Va?+2=2+\/5x. 



12. Reduce 



X — ax^^Jx 
"V'a? X * 



Quest. — ^When the unknown quantity is under the radical sign, how is 
liM equation reduced f What preparation is it advisable to make before 
involving the quantities 7 
13 
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13. Reduce V^=2^. 
^x+4^ Var+6 
• ^ 

14«. Reduce Vx+ -v/a-j-a;= 



15. Reduce x-\'Va^+x^ = 



2a2 



16. Reduce a?-fa= Va^-j ar^^ (^^-far^). 

17. Reduce V'2 x-\-Jx^ — -^ — .. 

18. Reduce Vx— 3i = 16— y'x. 

19. Reduce \/i^T7=2v'ar+l. 

20. Reduce V(6f)z:g^4.V(6.)-~9 

V(t)J:)+2 4V(6a:)+6 

REDUCTION OF EQUATIONS BY EVOLUTION. 

248. In many equations, the letter which expresses the 
unknown quantity is involved to some power. Thus, 

In the equation 2:^=5=16, 
We have the value of the square of x, but not of x itself. 
If the square root of both sides be extracted, 
We shall have a;=4. 
The equality of the members is not afiected by this reduc- 
tion. For if two quantities or sets of quantities are equal, 
their roots are also equal. 

If (x+ay=b+h, then x+a=^V A+A. Hence, 

249. To reduce an equation when the unknown quantity 
IS a power. 

Extract the root of both sides which corresponds with the 
power expressed by the index of the unknown quantity. 



Quest. — ^When the unknown qn&ntity is a power^ how is the equatioa 
reduced? 
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1. Reduce the equation 6-\^^—S=l 
By transposition, x^ = 7-f-8 — 6 = 9 

By evolution, a?= ± y9 = =t 3. Ans. 

The signs + ^t^^ — a^© l>oth placed before -y/S, because an 

even root of an affirmative quantity is ambiguous, (Art. 212.) 

2. Reduce the equation 5x^— 30=a^-|-34 
Transposing, &c., x^= 16 

By evolution, x =±4. Ans. 



3. Reduce the equation 



«+ 



* - a. 



4. Reduce the equation a+cfaj^rrlO— a?". 

250. From the preceding articles it will be easy to see, 
that to reduce an equation containing a root of a power, 
(Art. 206,) requires both involtUion and evolution. 



5. Reduce the equation 
By involution. 

By evolution, 

6. Reduce the equation 

7. Reduce the equation 

8« Reduce the equation 

9. Reduce the equation 

10. Reduce the equation 

11. Reduce the equation 

12. Reduce the equation 



a:^=43=64 

X ==hv^64=±8.Ans. 



(x+«) =- 1 
(x—ay 

i 8 

{x^l) = 



(a?2-l)i 



Va?2-ll=5. 



-y/y^ — 4a&=a —b. 



(13+V23+y2)^=5. 



(3+^329-1-0:2). --.144. 



Quest. — Why are the signs + and — placed before the root ? How 
is an expression containing a root of a power reduced ? 
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PB0BLBM8. 



Prob. 1. A gentleman being asked his age, replied, '' If 
you add to it 10 years, and extract the square root of the 
sum, and from this root subtract 2, the remainder will be 6.'' 
What was his age 1 



By the conditions of the problem, ^X']-l0—2=6 

By transposition, -^ap-[-10=6-|-2=8 
By involution, x-j-10=82=:64 

And ap=d64- 10=^4. 



Proof. (Art. 161.) V54+10-a=6. 
Prob. 2. If to a certain number 22577 be added, and the 
square root of the sum be extracted, and from this 163 be 
subtracted, the remainder will be 237. What is the number ? 
Let x=z the number sought, 6=163 

a=iJ2577, (Art. 159,) c=237 

By the conditions proposed, Va+a— &=c 

By transposition, Vi+i=c+6 

By involution, a:-|-a=(c-|-6)2 

And x=:(c-{^y—a 

Restoring the numbers, (Art. 35,) aK=(237+163)2— 22577 
That is 0=160000—22577=137423. 



Proof. V137423+22577— 163=237. 

251. When an equation is reduced by extracting an even 
root of a quantity, the solution does not always determine 
whether the answer is positive or negative. (Art. 212.) But 
what is thus left ambiguous by the algebraic process, is fre 
quently settled by the statement of the problem. 
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Prob. 3. A merchant gains in trade a sum to which 320 
dollars bears the same proportion as &ve times this sum does 
to 2500. What is the amount gained 7 

Prob. 4. The distance to a certain place is such, that if 96 
be subtracted from the square of the number of miles, the 
remainder will be 4«8. What is the distance ? 

Prob. 5. If three times the square of a certain number be 
divided by 4, and if the quotient be diminished by 12, the 
remainder will be 180. What is the number 1 

Prob. 6. What number is that, the fourth part of whose 
square being subtracted from 8, leaves a remainder equal to 41 

Prob. 7. What two numbers are those, whose sum is to the 
greater as 10 to 7 ; and whose sum multiplied into the less 
produces 2701 

Prob. 8. What two numbers are those, whose difierence 
is to the greater as 2 to 9, and the difference of whose 
squares is 128 1 

Prob. 9. It is required to divide the number 18 into two 
such parts, that the squares of those parts may be to each 
other as 25 to 16. 

Prob. 10. It is required to divide the number 14 into two 
such parts that the quotient of the greater divided by the 
less, may be to the quotient of the less divided by the 
greater as 16 to 9. 

Prob. 11. What two numbers are as 5 to 4, the sum of 
whose cubes is 5103 1 

Prob. 12. Two travellers, A and B, set out to meet each 
other, A leaving the town C at the same time that B left D. 
They travelled the direct road between C and D ; and on 
meeting, it appeared that A had travelled 18 miles more than 
B, and that A could have gone B^s distance in 15f days, 
13* 
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but B would have been 28 days in going A's distance. Re- 
quired the distance between C and D. 

Pfob. 13. Find two numbers which are to each other as 8 
to 5, and whose product is 360. 

Prob. 14. A gentleman bought two pieces of silk, which 
together measured 36 yards. Each of them co^ as many 
shillings by the yard as there were yards in the piece, and 
their whole prices were as 4 to 1. What were the lengths 
of the pieces 1 

Prob. 15. Find two numbers which are to each other as 3 
to 2 1 and the difference of whose fourth powers is to the 
sura of their cubes as 26 to 7. 

Prob. 16. Several gentlemen made an excursion, each 
taking the same sum of money. Each had as many servants 
attending him as there were gentlemen ; the number of dol- 
lars which each had was double the number of all the ser- 
vants, and the whole sum of money taken out was 3456 dol- 
lars. How many gentlemen were there 7 

Prob. 17. A detachment of soldiers from a regiment being 
ordered to march on a particular service, each company fur- 
nished four times. as many men as there were companies in 
the whole regiment ; but these being found insufficient, each 
company furnished three wen more ; when their number was 
found to be increased in the ratio of 17 to 16. How many 
companies were there in the regiment ? 

AFFECTED QUADRATIC EQUATIONS. 

252.,Equations are divided into elasses, which are distin- 
guished from each other by the power of the letter that ex- 
presses the unknown quantity. Those which contain only 

Q0X8T. — ^Into what are «q\mtion8 divided t 
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the first power of the unknown quantity are Qalled simple 
equations, or equations of thejfir*^ degree. Those in which 
the highest power of the unknown quantity is a square^ are 
called quadratic^ or equations of the second degree ; those in 
which the highest power is a cube are called ctibiCy or equa- 
tions of the third degree^ &c. 

Thus a?=a-[-^, is an equation of the^r^^ degree. 

a?2--c, and x^-^x=zd^ 
are quadratic equations, or equations of the second degree. 

x^=h, and x^-\-ax^-\-bx=sd, 
are cubic equations, or equations of the third degree. 

253. Equations are also divided into^wre and affected equa- 
tions. A pure equation contains only one power of the un- 
known quantity. This may be the first, second, third, or any 
other power. An affected -equation contains different powers 
of the unknown quantity. Thus, 

C x^=d—b, is a pure quadratic equation. 
i x^-^bx=:d, an affected quadratic equation. 
( x^=b—c, a pure cubic equation. 
( a7'-|-aa?2-j-^j?=A, an affected cubic equation. 

In a pure equation, all the terms which contain the un- 
known quantity may be united in one, (Art. 185,) and the 
equation, however complicated in other respects, may be re- 
duced by the rules which have already been given. But in 
an affected equation, as the unknown quantity is raised to dif- 
ferent powers y the ietms containing these powers cannot be 
united. (Art. 185 a.) 



Quest. — ^What are those called which contain only the first power ol 
the unknown quantity.? When the unknown quantity is a square what 7 
When a cube ?^ How else are equations divided I What is a pure equa- 
tion 7 What an affected equation/ 
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254f. An affected quadratic equation is one which contains th$ 
unknown quantity in one term, and the square of that quantity 
in another term. 

The unknown quantity may be originally in several terms 
of the equation. But all these can be reduced to two, one 
containing the unknown quantity, and the other its square. 

255. It has already been shown that a pure quadratic is 
solved by extracting the root of both sides of the equation. 
An affected quadratic may be solved in the same way, if 
the member which contains the unknown quantity is an 
exact square. (A.rt. 249.) 

Thus the equation x^-{-2ax-\'a^=zb-^h, may be reduced by 
evolution. For the first member is the square of a binomial 
quantity. (Art. 173.) And its root is a?-|-a. Therefore, 

x-\-a= 'y/b-\-h, and by transposing a, 

x='^b-\-h — a. 

256. But it is not often the case, that the member of an 
affected quadratic containing the unknown quantity, is an 
exact square, till an additional term is applied, for the purpose 
of making the required reduction. 

In the* equation x^-\-2ax=b, the side containing the un- 
known quantity is not a complete square. The two terms 
of which it is composed, are indeed such as might belong to 
the square of a binomial quantity. (Art. 173.) But one term 
is wanting. We have then to inquire, in what way this may 
be supplied. From having two terms of the square of a bino- 
mial given, how shall we find the third 7 

Of the three terms, two are complete powers, and the 
other is twice the product of the roots of these powers, or 

Qi7£8T. — "What is an affected quadratic equation ? How is a pare qua- 
dratic equation solved ? How an affected quadratic, when it is an exact 
square ? How, when it is not an exact square ? 
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which is the same thing, the product of one of the roots into 
twice the other. 

In the expression x^-{-2aXy the term 2(zx consists of the 
factors, 2a and x. The latter is the unknown quantity. The 
other factor 2a may be considered the co-efficient of the un- 
known quantity ; a co-efiicient being another name for a fac- 
tor (Art. 24.) As x is the root of the first term x^ ; the 
other factor 2a is twice the root of the third term, which is 
wanted to complete the square. Therefore half of 2a is the 
root of the deficient term, and a^ is the term itself. 

The square completed is a?2_(-2aa?-j-a2, where it will be 
seen that the last term a^ is the square of half of 2fl, and 2a 
is the co-efficient of a?, the root of the first term. 

In the same manner, it may be proved, that the last term 
of the square of any binomial quantity, is equal to the square 
of half the co-efficient of the root of the first term. 

257. From this principle is derived the following 

METHOD FOR COMPLETING THE SQUAEE. 

Take the square of half the co-efficient of the first power of 
the unknown quantity^ and add it to both sides of the equation. 

258. It will be observed that there is nothing peculiar in 
the solution of affected quadratics^ except the completing of 
the square. Quadratic equations fixe formed in the same man- 
ner as simple equations ; and after the square is completed, 
they are reduced in the same manner as pure equations. 

1. Reduce the equation x^-\-Qax=b 

Completing the square, a?2_f^aa?_|.9a2=9a^-|-6 

Extracting both sides, (Art. 255,) a?-f-3a=± V9a2-|.6 
And a:=— 3adbV9a.2_f.^. Ans. 

Here the co-efficient of a:, in the given equation, is 6a. 

Quest. — ^What is the first method for completing the square 7 What is 
there peculiar in the solution of quadratics ? 
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The square of half this, is 9a2, which being added to both 
sides completes the square. The equation is then reduced 
by extracting the root of each member, in the same manner . 
as in Art, 249, excepting that ttie square here being that of a 
binomial, its root is found by the rule in Art 216. 

2. Reduce the equation a?^ — g^j»-_^^ 

3. Reduce the equation x^+ax=b+h. 

Ti 2 

Completing the square, x^ +ax-\-~-.=-^+b-\-h. 

4 4 

4. Reduce the equation x^ — x=h — d. 
5.. Reduce the equation a?2+32:=(f4-6. 

6. Reduce the equation x^ — abx^^ab — cd, 

7. Reduce the equation a;J>4-__=A. 

b 

8. Reduce the equation x^ — -=7A. 

b 

259. In these and similar instances, the root of the third 
term of the completed square is easily found, because this 
root is the same half co-efficient from which the term has 
just been derived. (Art. 257.) Thus in the last example, 

half the co-efficient of x is — , and this is the root of the 

26 

third term — --. 

462 

260. When the first power of the unknown quantity is in 
,several terms, these should be united in one, if they can be 
by the rules for reduction in addition. But if there are 
literal co-efficients, these may be considered as constituting, 



Quest. — How do you know what the root of the third term of the com- 
pleted square is ? "When the first power is in several terms, what is to be 
doae ? If there are literal co-efficients what ? 
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together, a compound co-efficient or factor, into 
unknown quantity is multiplied. 

Thus ax-^x-\-dx={a-\l^)xx. (Art. 97.) The square 
of half this compound co-efficient is to be added to both sides 
of the equation. 

9. Reduce the equation x^-\'2X'\-^-\-{c=^d 

Uniting terms a;2-j-6ir=J 

Completing the square a;2-f 6a?-f-9=9-f(/ 

And ic=— 3±l/9+5. Ans. 

10. Reduce the equation x^ -\'ax-\-bx=h 
By Art. 97, ^H(«+*) X«= A 

Therefore ir24.(a+6)xa:+ f±El "*= f^l ^A. 

11. Reduce the equation x^-^-ax — x=.b. 

261. Before completing the square, the known and un 
known quantities must be brought on opposite sides of the 
equation by transposition j the square of the unknown quan- 
tity must also be poiitive, and it is preferable to make it the 
first or leading term. 

12. Reduce the equation a-|-5a? — 3b=3x — x^ 
Transp. and uniting terms x^-^2oi:=z3b — a 
Completing the square x^-\-2x-\-l=l^3b — a 

And 0?=— l±Vl-(-36— fl. Ans. 

X 36 

13. Reduce the equation -= — 4. 

^ 2 x+2 

262. If the highest power of the unknown quantity has a co^ 
efficient^ or divisor^ before completing the square it must be 
freed from these by multiplication or division. (Arts. 149, 154.) 

Quest. — Before completing the square what preparations is it expedient 
to make ? If the highest power has a co-efficient or divisor, what should 
be done ? 



Digitized by 



Googk 



154 ^^^J^ ALaBBEiu [Sect. X 

Th^ir on a:2^24a— 6A=12x— 5ar2 

.ng terms 6x2_12a?=6A— 24a 
• ^ a;2 — 2a:=A— 4a 

^ ie square, x^ — 2a?-|-l=14-A— 4a 

indtransp. a;=l=b\/l+A — 4a. Aiis. 

15. ii.. le equation A-j-2ar=J— -: — . 

263. If the square of the unknown quantity is in several 
terms, the equation must he divided by all the co-eflltients 
of this square. (Art. 155.) 

16. Reduce the equation bx^-^z^ — 4x=6 — A 

DividingV b+d, x^—Jl-^tzL 

b-\-d b-^-d 

17. Beduce the equation aa?2-f-a:=A-|-3a:— a?^. 
Given ax^-\-bx=:d, to find a?. 

If this equation is multiplied by 4a, and if b^ is added to 
both sides, it will become, 

4a2a?2 -^ubx-hb^ =4aJ+i2 . 
the first member of which is a complete square of the bino- 
mial 2ax+b. 

264. From the foregoing principle is deduced 

A SECOND METHOD OF COMPLETING THE SQUARE. 

Multiply the equation by 4 times the co-efficient of the high' 
est power of the unknown quantity, and add to both sides the 
square of the co-efficient of the lowest power. 

The advantage of this method is, that it avoids the intro- 
duction of fractions, in completing the square^ 



Quest. — ^If the square of the unknown quantity is in several terms, how 
proceed ? What is the second method of completing the square ? What 
advantage has this method ? 
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DEMONSTRATION. 

1. The object of multiplying the equation by the co^effi* 
cient of the highest power, is to render the first term a per- 
fect square without removing its co-efficient, and at the same 
time to obtain the mid^e term of the square of a binomial. 
But we must multiply all the terms of the equation by this 
quantity to preserve the equality of its members. (Ax. 3.) 
The equation above when mult, by o, becomes a'^x^-^abxsssad* 

That the first term will, in all cases, be rendered a conn 
plete square when multiplied by its co-efficient, is evident 
from the fact, that it will then consist of two factors, each 
of which is a square, viz. a^^ and the square of its co-effi- 
cient. But the product of the squares of two or more factors, 
is equal to the square of their product. (Art. 167.) 

2. It will be seen that one term is still wanting in the first 
member, in order to make it the square of a binomial, viz. 
the square of the last term. (Art. 173.) 

This deficiency may be supplied by adding to both sides 
the square of half the co-efficient of the lowest power, as in 
the first method of completing the square. But in taking half 
of this co-efficient, the learner will often be encumbered with 
fractions which it is desirable to avoid. Thus in the equation 

above, half of the co-efficient of the lowest power is -, the 

b^ ' . . 

square of which is — , Adding this to both sides, the equa- 

tion will become, a^x^-^ctbx-^ — =a(i+ —-, the first member 

of which is a complete square of the binomial, aX'\' -. 

Quest. — "Why is the equation multiplied by the co-efficient of the highest 
power ? How does it appear that this will make the first term an exact 
square ? "Why add the square of the co-efficient of the lowest power to both 
sides 7 

U 
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Now it is obvious, that nmltiplying the equation by 4, is 
the same as removing the denominator 4> from the third term. 
Hence multiplying the equation by 4, will avoid the introduc- 
tion of fractions, and also leave the sq^uare of the whole of 
the co-efficient of the lowest power fo be added to both sides 
according to the rule. 

The first term evidently continues to be a square after it 
is multiplied by 4, for it is still the product of the powers of 
certain factors. (Art. 167.) 

3. It will be perceived at o^ce, that the second term is 
composed of twice the root of the first term multiplied into 
the co-efficient of the last term, which constitutes the middle 
term of a binomial square. (Art. 173.) 

Ohttr, It is manifest from the preceding demonstration, that multiplying 
by 4 is not a necessary step in completing the square, but is resorted to as 
an expedient to prevent the occurrence of fractions; When therefore the 
co-efficient of the lowest power is an even number, so that half of it can be 
taken without a remainder, we may simplify the operation by multiplying 
by the co-efficient of the highest power alone, and adding to both sid«a 
the square of half the co-efficient of the lowest power of the unknown 
quantity. 

Take the equation 7x2-f40ar=:7lf . 

Multiplying by 7, it becomes 49x2 -|-280ar= 500 

Adding the square of half the co-efficient, 49x2-f 280j:-|-400=900 

By evolution and transposition, x=AO, 

265. From the preceding principles we may also deduce 

OTHER METHODS OF COMPLETING THE SQUARE. 

Multiply the equation by 16 times the co-efficient of the high' 
est power of the unknown quantity^ and add to both sides 4 times 
the square of the co'efficient of the lowest power. 

Quest. — ^Why multiply the equation by 4 ? How may the operation be 
simplified when the co-efficient of the lowest power is an even number 7 
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^nd universally^ muUiplying the tqucuion by. the product of 
any square number^ as n\ into the cO'Sfficieni of the highest 
power ^ and adding to both sides the square of half the root of 
this number into the square of the co-efficient of the lowest power^ 
will render it a complete square. 

Take the equation a?^ — 3a?=4j. 

Multiplying by 16, &c. 16a?2 — 4<8a?4-36=:100 

By evolution and transposition, a: =4. Ans. 

Or, take the equation ax'^+cx=zd. 

Mult, by n\ &c. n^a'^x^+n'^acx+ ^^^^=nW+^^^^ ; the 

4 4 

first member of which is the square of the biaomial, iiaa?-|-2£. 

There is an obvious advantage^ however, in employing 4 in 
preference to any other square number. For multiplying the 
equation by 4 times the co-efficient of the highest power, will 
produce the middle term of a binomial square, the third term 
of which is the square of the co-efficient of the lowest power 

18. Reduce the equation ax^^dx=h, 

19. Reduce the equation 3x^+5x=4f2. 

20. Reduce the equation x^ — 150:=; — 54. 

265. a. In the square of a binomial, the first and last terms 
are always positive. For each is the square of one of the 
terms of the root, and all even powers are positive. (Arts. 
168, 173.) 

If then — :c2 occurs in an equation^ it cannot with this sign 
form a part of the square of a binomial. But if all the signs 
in the equation be changed, whilst the equality of the sides 
will be preserved, the term — x^ will become positive, and 
the square may then be completed. (Art. 146.) 

Quest. — What other ways of completing the square are mentioned ? In 
the square of a hinomial, what sign have the first and last terms ? If the 
square of the unknown quantity has the sign — before it, what must be 
done ? 
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21. Reduce the equation — x^+2x=id—h. 
Changing all the signs x^—2x=:h — d, 

22. Reduce the equation 4a?— *r^= — 32. 

266. In a quadratic equation, the first term x^ is the square 
of a single letter. But a hinomial quantity may consist of 
terms, one or hoth of which are already powers. 

Thus x^+a is a binomial, and its square is x^+2aa^+a^y 
where the index of x in the first term is twice as great as in 
the second. When the third term is deficient, the square 
may be completed in the same manner as that of any other 
binomial. For the middle term is twice the product of the 
roots of the two others. 

So the square of a?*+a, is x^*+2ax*+aK 

1 11 

And the square of or* + a, is jr*+2aj?»+a^ Thelrefore, 

267. *€ny equoHon which contains only two different powers 
or roots of the unknown quantity ^ the index of one of which is 
twice that of the other, may be solved in the same manner as a 
quadratic equation, by completing the square. 

N. B. It must be observed, that in the binomial root, the ^ 
letter expressing the unknown quantity may still have a frac- 
tional or integral index, so that a farther operation may be 
necessary. (Art. 250.) 

23. Reduce the equation a?* — x^=zb — a. 
Completing the square x^ — a?2_j^=:^-[-5 — a 
Extracting and transposing, a^=^d:'Y/^-j-6 — a 



Extracting again, (Art. 249,) ir=ab-v/i±-v/(^-|-6— o). 
24. Reduce the equation a?'*--46x'»=a. 

Quest. — ^How solve equations which contain only two different powers 
or roots of the unknown quantity^ when the index of one is twice that of 
the other ? 
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25. Reduce the equation x+i^Xssah-^n* 

1 1 

26. Reduce the equation x"+8z"=«a-|-i. 

268. The solution of a quadratic equation, whether pure 
or affected, gives two results. For after the equation is re- 
duced, it contains an amhiguous root. In a pure quadratic, 
this root is the whole value of the unknown quantity. 

Thus the equation a?''=B64, 

Becomes when reduced, a?=dz-Y/64. (Art. 249.) 
That is, the value of x is either +S or — 8, for each of 
these is a root of 64. Here hoth the values of x are the 
same, except that they have contrary signs. This will he the 
case in every pure quadratic equation, because the whole of 
the second member is under the radical sign. The two 
values of the unknown quantity will be alike, except that one 
will be positive, and the other negative. 

269. But in affected quadratics, a part only of one side of 
the reduced equation is under the radical sign. When this 
part is added to, or subtracted from, that which is without the 
radical sign 5 the two results will differ in quantity, and will 
have their signs in some cases alike, and in others unlike. 

27. The equation ir»-f 8ar=20^ 

Becomes when reduced, 0?= — 4«d= Vl6-|-20. 
That is, a?«— 4±6. 

Here the first value of x is ^4-|-6=-t- 2 > one positive, and 
And the second is — 4 — 6= — 10 S ^^^ other negative. 

28. The equation x'^—Sx=^ —15 
Becomes when reduced, rr=4±v 16 — 15 
That is, a?=4rhl. 



Quest. — ^How many results does the solution of a quadratic give ? In 
pure quadratics, is the whole value ambiguous? Is^this the case in af- 
fected quadratics ? 

14* 
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Here the first value of z is 4-|-l=-|5 ) ^^^^i positive. 

And the second is 4 — Isss+S ) 

That these two values of x are correctly found, may he 
proved hy substituting first one and then the other, for x 
itself, in the original equation. (Art. 161.) 

Thus 5'— 8x5=25— 40==— 15 
And 8'— 8x3= 9— 24=— 15. 

270. In the reduction of an affected quadratic equation, 
the value of the unknown quantity is frequently found to be 
imaginary. 

29. Thus the equation ar^— 8a;=— 20 

Becomes when reduced, a?=4ifc Vl6 — 20 
That is, a?=4±V^^^ 

Here the root of the negative quantity — 4 cannot be as- 
signed, (Art. 214,) and therefore the value of a? cannot be 
found. There will be the same impossibility, in every in- 
stance in which the negative part of the quantities under the 
radical sign, is greater than the positive part. 

271. When one of the values of the unknown quantity in a 
quadratic equation is imaginary, the other is so also. For 
both are equally affected by the imaginary root. 

Thus in the example above, 

The first value of x is 4-[-'v/^4, 

And the second is 4—/— 4 j each of which 
contains the imaginary quantity ^ — 4. 

272. An equation which when reduced contains an ima- 
ginary root, is often of use to enable us to determine whether 



QtTSST. — ^Is the value of the unknowa quantity ever imaginary ? When 
pne of the values is imaginary, what is true of the other 7 Are equations 
containing an imaginary root of any use 7 What use 7 
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a proposed question admits of an answer, or involves an ab 
surdity. 

30. Suppose it is required to divide 8 into two such parts 
that the product will be 20. 

If X is one of the parts, the other will be S—w. 

By the conditions proposed, (8— a?) x a?=5W) 

This becomes when reduced, x=4±'v^— 4. 

Here the imaginary expression -y/-^^ shows that an an* 
swer is impossible ^ and that there is an absnrdity in suppos- 
ing that 8 may be divided into twa 8»eh parts that their pro« 
duct shall be 20. 

273. A] though a quadratic equation gives two resnUs, yet 
both these may not always be applicable to the subject pro- 
posed. The quantity under the radical sign may be produced 
either from a positive or a negative root. But both these 
roots may not, in every instance, belong to the problem to 
be solved. (Art. 251.)" " 

31. Divide the number 30 into two such parts, that their 
product may be equal to 8 times their difference. 

If «= the less, then 30— a; = the greater part. 

By the supposition, a;x(30— a?)=8x(30— 2a?). 

This reduced, gives a? =23 ±17=40, or &, the less part. 

But as 40 cannot be a part of 30, the problem can have 
but one real solution, making the less part 6, and the greater 
part 24. 

274. The preceding principles in quadratic ei^puitions may 
be summed up in the following 

GENEaALBTTLE. 

I. Transpose all the unknown quantities to one side of the 
equation ; and the known quantities to the other. 

Qttxst. — Are both of the results of a quadratic always applicable to the 
problem under consideration ? What is the general nUe for the solntion 
of quadratic equations 7 
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IL Make the square of the unknown quantity positive (if it 
itf not already) by changing the signs of all the terms on both 
sides ; and place it for the first or leading term. (Art. 261.) 

III. To complete the square, 

1. Remove the co^efficient of the second power of the un- 
known quantity^ and add the square of half of the co-efficient 
of the first power of the unknown quantity to both sides of the 
equation. (Art. 257.) Or, 

2. Multiply the equation by four times the co-efficient of 
the highest power ef the unknown quantity^ and add to both 
sides the square of the co-efficient of the first power of the un- 
known quantity, (Art. 264.) 

IV. Reduce the equation by extracting the square root of both 
sides ; and transpose the known part of the binomial root thus 
obtain^ to the opposite side, (Art. 255.) 

EXAMPLES FOR PRACTICE. 

1. Reduce Sa?*- 9a?— 4=80. 

2. Reduce 4a?— 5^1:^=46. 

X 

3. Reduce 4a?-.iiz5=14. 

a7-fl 

4. Reduce 5:p-^5ll?=2a:+?^i:?. 

ar-3 ^ 2 

5. Reduce 16^100-9^^3. 

X 4ar 

6. Reduce 5^11^+1== 10-^=?. 

a:— 4^ 2 

7. Reduce ^+^Jt=Ej^j£L^l. 

3 a?— 3 9 

8. Reduce r ^ ."t ^x-Z^ 

0?'— 6x-j-9 
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9. Reduce -J- j-?=3. - 

10. Reduce -?^-?Z:i=a?— 9. 

x-^2 6 

11. Reduce — l- =-. 

ax a 

12. Reduce x^+ax'^zzzb. 

13. Reduce ^-^=-1. 

2 4 32 

14. Reduce 2a?3^-f 3a?3^=2. 

15. Reduce ^ — Jy^a?=22J. 

16. Reduce 2a;*— a;2-|-96=99. 

17. Reduce (lO+ar)^— (10+x)^=2. 

18. Reduce 3«2«— 2««=8. 

19. Reduce 2( 1+a?— a;^)— V l+a?— ««=— J. 

' 20. Reduce v^ i3^^=a:— 6. 

21. Reduce V^^+^ ^ ^^V^ , 
4+ -v/a? -v/a? 



6 3 

22. Reduce a?^-fa;« =756. 

23. Reduce V2x+l+2^z=. 



21 



V(2^+l) 



24. Reduce 2\/i^+3 V2ar=J?^±^. 

25. Reduce a:+ 1 6^7 Va?+ 16 = 10— 41/^^+16. 

26. Reduce ^x^-]-^x^=6^x. 

27. Reduce ^?=^-?5=:I=?^±??. 

X 3a?+7 . 13« 
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28. Reduce L_+ ^ ^^ 



6«— 0?^ x^-^2x 5x 

29. Reduce (2:— 5)*— 3(r— 5)^=40. 

30. Reduce ar-j- Va?+6= 2-1-3 \/«+6. 

PROBLEMS IN QUADEATIC EQUATIONS. 

Prob. 1. A merchaut has a piece of cotton cloth, and a 
piece of silk. The number of yards in both is 110: and if 
the square of the number of yards of silk be subtracted from 
80 times the number of yards of cotton, the difference will 
be 400. How many yards are there in each piece 1 
Let 0?= the yards of silk. 
Then 110— a;= the yards of cotton. 
By the supposition 80 x ( 1 10— a?)— a?^ =400. 
Therefore x= — 40± ^^10000= — 40±100. 

The first value of ar, is —40+100=60, the yards of silk; 
And 110—07=110—60=50, the yards of cotton. 

The second value of a?, is -—40 — 100= — 140 ; but as this 
is a negative quantity, it is not applicable to goods which a 
man has in his possession. 

Prob. 2. The ages of two brothers are such, that their sum 
is 45 years, and their product 500. What is the age of each 1 
Prob. 3. To find two numbers such, that their difference 
shall be 4, and their product 1 17. 

Prob. 4. A merchant having sold a piece of cloth which 
cost him 30 dollars, found that if the price for which he sold 
it were multiplied by his gain, the product would be equal to 
the cube of his gain. What was his gain ? 
' Prob. 5. To find two numbers whose difiference shall be 3, 
and the difference of their cubes 117. 
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Prob. 6. To find two numbers whose difference shall be 
12, ^nd the sum of their squares 1424. 

Prob. 7. Two persons draw prizes in a lottery, the differ- 
ence of which is 120 dollars, and the greater is to the less, 
as the less to 10. What are the prizes 1 

Prob. 8. What two numbers are those whose sum is 6, and 
the sum of their cubes 72 1 

Prob 9. Divide the number 56 into two such parts, that 
their product shall be 64-0. 

Prob. 10. A gentleman bought a number of pieces of cloth 
for 675 dollars, which he sold again at 48 dollars by the 
piece, and gained by the bargain as much as one piece cost 
him. What was the number of pieces % 

Prob. 11. A and B started together, for a place 150 miles 
distant. A's hourly progress was 3 miles more than B*s, and 
he arrived at his journey's end 8 hours and 20 minutes before 
B. What was the hourly progress of each 1 

Prob. 12. The difference of two numbers is 6; and if 47 
be added to twice the square of the less, it will be equal to 
the square of the greater. What are the numbers 1 

Prob. 13. A and B distributed 1200 dollars each, among a 
certain number of persons. A relieved 40 persons more 
than B, and B gave to each individual 5 dollars more than A. 
How many were relieved by A and B 1 

Prob. 14. Find two numbers whose sum is 10, and the sum 
of their squares 58. 

Prob. 15. Several gentlemen made a purchase in company 
for 175 dollars. Two of ,them having withdrawn, the bill 
was paid by the others, each furnishing 10 dollars more than 
would have been his equal share if the bill had been paid by 
the whole company. What was the number in the compftiny 
at first 1 
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Prob. 16. A merchant bought several yards of linen for 
60. dollars, out of which he reserved 15 yards, and sold the 
remamder for 54 dollars, gaining 10 cents a yard. How- 
many yards did he buy, and at what price ? 

Prob. 17. A and B set out from two towns, which were 
247 miles distant, and travelled the direct road till they met. 
A went 9 miles a day ; and the number of days which they 
travelled before meeting was greater by 3 than the number 
of miles which B went in a day. How many miles did each 
travel f 

Prob. 18. A gentleman bought two pieces of cloth, the finer 
of which cost 4> shillings a yard more than the other. The 
finer piece cost jSl8 j but the coarser one, which was 2 yards 
longer than the finer, cost only jS16. How many yards were 
there in each piece ; and what was the price oi a yard of eachl 

Prob. 19. A merchant bought 54 gallons of Madeira wine, 
and a certain quantity of Tenerifie. For the former he gave 
half as many shillings by the gallon, as there were gallons 
of Tenerifife, and for the latter 4 shillings less by the gallon. 
He sold the mixture at 10 shillings by the gallon, and lost 
£9S 16«. by his bargain. Kequircd the price of the Ma- 
deira, and the number of gallons of Tenerifie. 

Prob. 20. If the square of a certain number- be taken from 
40, and the square root of this difiference be increased by 10, 
and the sum be multiplied by 2, and the product divided by 
the number itself, the quotient will be 4. What is the number 1 

Prob. 21. A person being asked his age, replied, If you 
add the square root of it to hdf of it, and subtract 12, the 
remainder will be nothing. What was his age 1 

Prob. 22. Two casks of wine were purchased for 58 dol* 
lars^ one of which contained 5 gallons more than the other, 
and the price by the gallon was 2 dollars less than ^ of the 
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number of gallons in the smaller cask. Required the num- 
ber of gallons in each, and the ptice by the gallon. 

Prob. 23. In a parcel which contains 24* coins of silver and. 
copper, each silver coin is worth as many cenA as there are 
copper coins, and each copper coin is worth as many cents 
as there are silver coins ; and the whole is worth 2 dollars 
and 16 cents. How many are there of each 1 

Prob. 24«. A person bought a certam number of oxen for 
80 guineas. If he had received 4 more oxen for th^ same 
money, he would have paid one guinea less fbr each. What 
was the number of ofjten 1 

Prob. 25. It is required to divide 24? into two such parts 
that their product shall be equal to 35 times their difference. 

Prob. 26. The sum of two numbers is 60, and their product 
is to the sum of their squares as 2 to 5. What are the num- 
bers 1 

Prob. 27. Divide 146 into two such parts, that the differ- 
ence of their square roots may be 6. 

Prob. 28. What two numbers are those whose difference 
is 16, and their product 36 1 

Prob. 29. Find two numbers whose sum shall be 1^ and 
the sum of their reciprocals 3 J. 

Prob. 30. Required to find two numbers whose difference 
is 15, and half of their product is equal to the cube of the 
less number 1 

Prob. 31. A company incurred a bill of £S 8s. One of 
them absconded before it was paid, and in consequence, those 
who remained had to pay 4s. a piece more than their just 
share. How many were there in the company 1 

Prob. 32. A gentleman bequeathed £1 4s. to his grandchil- 
dren I but before the money was distributed two more were 
15 
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added to their number, and consequently the former received 
one shilling a piece less than they otherwise would have 
done. How many grandchildren did he leave % 

Prob. 33. The length added to the breadth of a red angu- 
lar room makes 42 feet, and the room contains 432 square 
feet. Required the length and breadth. 

Prob. 34. A says to B, "the product of our years is 120 ; 
and if I were 3 years /ounger, and you were 2 years older, 
the product of our ages would still be 120." How old was 
each % 

Prob. 35. Should the square of a certain number be taken 
from 89, and the square root of their difference be increased 
by 12, and the sum multiplied by 4, and the product divided 
by the number itself, the quotient will be 16. What is the 
number ? 

Prob. 36. A mason laid 105 rods of wall, and on reflection 
found that if he had laid 2 rods less per day, he would have 
been 6 days longer in accomplishing the job. How many 
rods did he build per day 1 

Prob. 37. The length of a gentleman's garden exceeded 
its breadth by 5 rods. It cost him 3 dels, per rod to fence 
it ; and the whole number of dollars which the fence cost, 
was equal to the number of square rods in the garden. 
What were its length and breadth ? 

Prob. 38. What number is that, which being added to its 
square root will make 156 1 

Prob. 39. The circumference of a grass-plot is 48 yards, 
and its area is equal to 35 times the difference of its length 
and breadth. What are its length and breadth 1 

Prob. 40. A gentleman purchased a building lot, and in the 
centre of it, erected a house 54 feet long and 36 feet wide, 
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which covered just one half his land. This arrangement left 
him a flower border of uniform width ail round his house. 
What was the width of his border, what the length and breadth 
of his lot, and how much land did he buy % 

Prob. 41. A general wished to arrange his army, which 
consisted of 20886 men, in a solid body, so that each rank 
should exceed each file by 59 men. How many must he 
place in rank and file 1 

Prob. 42. A man has a painting 18 inches long, and 12 
inches wide, which he orders the cabinet-maker to put into a 
frame of uniform width, and to have the area of the frame 
equal to that of the painting. Of what width will the frame be 1 

Prob. 43. A and B together invest $500 in business, of 
which each put in a certain share. A's money continued in 
trade 5 months, B's only two months, and each received back 
$450 for his capital and profit. What share of the stock did 
each contribute 1 

Prob. 44. A merchant sold a quantity of goods for ;C39, 
and gained as much per cent, as the goods cost him. How 
much did he pay for the goods 1 

Prob. 45. A farmer bought a flock of sheep for £60. Af- 
ter selecting 15 of the best, he sold the remainder for JC54, 
and gained thereby 2 shillings a head. How many sheep did 
he buy, and what was the price of each 1 

Prob. 46. A and B started from two cities 247 miles apart, 
and travelled the same road till they met. A's progress was 
1 m, per day less than B's, and the number of days before they met 
was greater by 3 than the number of miles B went per day. 
How. many miles did each travel 1 

Prob. 47. Two persons, A and B, invest $900 in business. 
A's money remained in trade 4 months, and he received $512 
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for kU ahare of the profit and stock ; B's money was in trade 
7 monthsy and be received $4'69 for his share of the profit 
and stock. What was each partner's stock % 

Prob. 48. A merchant bought a piece of cloth for $54 ; 
the number of shillings which he paid per yard was j of the 
number of yards. Required the length of the cloth, and the 
price per yard. 

Prob. 49. There was a cask containing 20 gallons of wine ; 
a quantity of this was drawn oflfand put into another cask of 
equal size, and then this last was filled with water ; and af- 
terwards the first cask was filled with the mixture from the 
second. It appears that if 6^ gallons are now drawn from 
the first and put into the second, there will be equal quanti- 
ties of wine in each cask. How much wine was first drawn 
oflTI 

Prob. 50. A man bought 80 lbs. of pepper and 100 lbs. of 
ginger for £65, at such prices that he obtained 60 lbs. more 
of ginger for J£*20 than he did of pepper for £10. What did 
hQ pay per pound for each 1 



SECTION XI. 

TWO UNKNOWN QUANTITIES. ♦ 

275. In the examples given in the preceding sections, each 
problem has contained only one unknown quantity. Or if, in 
some instances, there have been two^ they have been so re 
lated to each other, that they have both been expressed by 
means of the same letter. 
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But cases frequently occur, in which two unknown quan- 
tities are necessarily introduced into the same calculation. 
Suppose the following equations are given. 
J. a?+y=14 
2. a?--y=2. 
If y be transposed in each, they will become 

1. a:=14' — y 

2. a?=2-fy. 

Here the first member of each of the equations is rr, and 
the second member of each is equal to x. But according to 
Axtom 7, quantities which are respectively equal to any 
other quantity, are equal to each other ; therefore, 
2-fyc=14« — y, and y=6. 

By substituting the value of y in the 1st equation, (Art. 
169,) we have a:-f-6==14>; then x=S. 

276. In solving the preceding problem, it will be observed 
that we first found the value of the unknown quantity a?, in 
each equation ; and then by making one of the expressions 
denoting the value of a?, equal to the other, (Axiom 7,) we 
formed a new equation, which contained only the other un- 
known quantity y. 

This process is called extermination or elimination. 
There are three methods of extermination, viz. by compa- 
rison, by substitution, and by addition and subtraction. 

EXTEB MINATION BY COMPARISON 

277. Case I. To exterminate one of two unknown quanti- 
ties by comparison. 



Quest. — ^How are problems solved which contain two unknown quan- 
tities ? What is this process called ? How many methods of extermina- 
tion ? Name them. 

15* 
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Find ike value of one of the unknown quantitiea in each of 
the equations f and form a new equation by making one of these 
values equal to the other. 

Prob. 1. Given x-f y=36 > ,j.^ ^^j ^^^^ ^^^^^ ^^ ^ ^^^ 
And a?— y==l2> 

1. In the first equation, a?-|-y=*36 

2. In the second equation, x — y=12 

3. Transposing y in first equation, a?«36 — y 

4. Transposing y in second equation, a?=sl2+y 

5. Making 3d and 4th equal, (Ax. 7,) 124-y=36-y 

6. Transposing, &c., y=12 • 
Substituting the value of y in the 4th, a?=sl2-f 12=24. 

Prob. 2. Given 2a:+3y=28 ) ^^ ^^^ ^^^ ^^,^^ ^^ ^ ^^ ^ 

And 3a?+2y=27 ) 
Prob. 3. Given 4x+y=43 ) ^^^^^ ^^^ ^^|^^ ^^ ^ ^^^ 

And 5a?+2y=56 ) 
Prob. 4. Given 4;r-2y;=16 ) ^^ g^^ ^j^^ ^^,^^ ^^ ^ ^^^ 

And fij?=93, i 

Given 4x-2y=20 > ^^ g^^ ^^^ ^^^^^ ^^ ^ ^^^ 

And 4x+2y=100 ) 



Prob. 6. 



^ > To find the value of x and y. 
5yf32=7ari ^ 



Prob. 6, Given 
And 

Prob. 7. To find two numbers such, that their sum shall 
be 24 ; and the greater shall be equal to five times the less. 

Let a?= the greater ; and y= the less. 

Prob. 8. To find one of two quantities, whose sum is equal 
to h ; and the difi^erence of whose squares is equal to d. 



Prob 9. Given ax-\-by^h > ^^ ^^^ 
And x4-ys^d ) 



Quest. — ^What is the rule to exterminate one of two unknown quanti- 
ties by comparison ? 



Digitized by 



Googk 



Arts* 278, 279.] two tmxNowN quantities. _ 175 

278. When the value of one of the unknown quantities is 
determined, the other may he easily obtained by substituting, 
in one of the previous equations, the value of the one found 
for the quantity ifstlf. (Art. 159.) 

The rule given above, may be generally applied ^for the 
extermination of unknown quantities. But there are cases 
in which other methods will be found more expeditious. 

Frob. 10. Suppose x^ky 

And ax-\-bx=s^ 

As in the first of these equations x is equal to Ay, we may 
in the second equation substitute this value of x for x itself. 
The second equation will then become, ahy-\-bhy=z^. 

The equality of the tnro sides is not afiected by this altera- 
tion, because we only change one quantity x for another 
which is equal to it. By this means we obtain an equation 
which contains only one unknown quantity. 

This process is called extermination by substitution* Hence, 

279. Case II. - To exterminate an unknown quantity by 
substitution. 

Find the value of one of the unknown quantities j in one of 
the equations ; and then in the other equation^ substitute this 
value for the unknown quantity itself (Art. 159.) 

Prob. 11. Given «4-3y»-15 ? ^ ^ ^ , , ^ , 

And 4x+5y«32 \ ^^ ^°* '^^ ^^^"^ ^^ "" ^^^ 2^' 
Transposing 3y in the Ist equation, «=15 — 3y. 
Substituting the value of a: in the 2d equation, (Art. 159,) 
we have 60--12y+5y=s32 

Then y=4 

And 0?= 15— 12=3. 



Quest.— After the value of one nnknown quantity is found, how obtain 
the other 7 What is the second method of extennination called 7 What if 
the rule 7 
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Prob. 12. Given fe+y=42 ^ ^o find the value of « and y. 
And ar-j-4y=18 J - ' 

Prob. 13. Given 2x+8y=84 . ^^ g^j ^j^^ ^^, ^^ ^ ,^^ 
And 4a!+6y=68 5 

Prob. 14. Given 3ar+3y=72 ^ ^^ ^^^ ^^^ ^ ^ ^^ ^ ^^^ ^^ 
And 4a:-f5y=116 J 

Prob. 15. Given ix+10y=124 ^T^g^^^j^^^^^^f^^^^ 
And 2x+9y=124 J 

Prob. 16. A privateer in chase of a ship 20 miles distant, 
sails 8 miles, while the ship sails 7. How far will each sail 
before the privateer will overtake the shipl 

Prob. 17. The ages of two persons, A and B, are such that 
seven years ago, A was three times as old as B ; and seven 
years hence, A will be twice as old as B. What is the age 
of each ? 

Prob. 18. There are two numbers, of which the greater is 
to the less as 3 to 2 ; and their sum is the 6th part of their 
product. What are the numbers 1 

280. There is a third method of exterminating an unknown 
quantity from an equation, which, in many cases, is preferable 
to either of the preceding. 

Prob. 19. Suppose that x-|-3y=a 
And X — Sy=b 

If we add together the first members of these two equations, 
and also the second members, we shall have 

an equation which contains only the unknown quantity a?. 
The other, having equal co-efficients with contrary signs, has 
disappeared. (Art. 54.) The equality of the sides is pre- 
served because we have only added equal quantities to equal 
quantities. 
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Again, suppose 3:r+ysA 

And 2a;4-yssi^ 

If we subtract the last equation from the first, we shall have 
Xsash — df 
where y is exterminated, without affecting the equality of the 
sides. 

Again, suppose x — 2yssa 

And a;-|-4y=:6 

Multiplying the 1st hy 2, 22?— 4y=2a, 

Then adding the 2d and 3d, ar=ft-f 2a. 

This process is called extermination by addition and suh* 
traction. Hence, 

281. Case III. To exterminate an unknown quantity by 
addition and subtraction. 

Mtdtiply or divide tke equations^ if necessary^ in such a man" 
ner thai the term which contains one of the unknown quantities^ 
shM be the samt in both iquaiions. 

Then subtract one equation f rem the other j if the signs of this 
unknown quantity are alike^ or add them together^ if the signs 
are unlike. 

N. B. It must be kept in mind that both members of an 
equation are always to be increased or diminished alike, in 
order to preserve their equality. 

1. Mult, the 1st equation by 2, 4a?-f 8y=40 

2. The 2d equation is 4a?+5y=28 
Subtracting the 2d from the 1st, 3y=sl2 
Dividing, &c. y=4 j and a;==2. 



Quest. — ^What is the third method of extermination called 7 What is 
the rule ? What is the object of multiplying the equation by a certain 
quantity ? How do you know when to add and when to subtract ? 
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Prob. 21. GiTen 2x+y=16 ) ^^ ^^ thcTalne of * and f. 
And 3x— 3y=6 > 

Prob. 22. GiTen 4x+3y=50 > ^^ ^^^ ^^ ^^ ^^ , ^^ y. 

And 3x— 3y=: 6 J 

Prob. 23. Given 3x+ y=38 > ^^ ^^^ ^^ ^|^^ ^^ , ^^ 
And 5j+4y=68 J 

Prob. 24. Given 4x--tO=-4y > ^^ ^^ ^^^ vaL of x and y. 
And 6x— 63=— 7yi 

Prob. 25. The numbers of two opposing armies are sach, 
that the sum of both is 21110 5 and twice the number in the 
greater army, added to three times the number in the less, 
is 52219. What is the number in each army 1 

Prob. 26. A boy purchased 8 lemons and 4 oranges for 56 
cents. He afterwards bought 3 lemons and 8 oranges for 60 
cents. What did he pay for each ? 

Prob. 27. The sura of two numbers is 220, and if 3 times 
the less be taken from 4 times the greater, the remainder will 
be 180. What are the numbers ? 

282. In the solution of the succeeding problems, either of 
the three rules for exterminating unknown quantities may be 
used at pleasure. 

N. B. That quantity which is the hatt involved should be the 
one chosen to be exterminated first. 

The pupil will find it a useful exercise to solve each ex- 
ample by each of the several methods, and carefully observe 
which is the most comprehensive, and the best adapted 
to different classes of problems. 

Prob. 28. The mast of a ship consists of two parts : one* 
third of the lower part added to one-sixth of the upper part, 
is equal to 28 feet ; and five times the lower part, diminished 
by six times the upper part, is equal to 12 feet. What istho 
height of the mast ? 
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Frob. 29. To find a fraction such that, if a unit be added to 
the numerator, the fraction will be equal to ^ ; but if a unit 
be added to the denominator, the fraction will be equal to ^. 

Let x= the numerator, And ^= the denominator. 

1. By the first condition, ' =J 

y 

By the second, =4 

3. Therefore ap=4, the numerator. > . 

4. And y=15, the denominator. 5 
Prob. 30. What two numbers are those, whose difference 

is to their sum at 2 to 3; and whose sum is to their product as 
3 to 5 1 

Prob. 31. To find two numbers such, that the product of 
their sum and difference shall be 5, and the product of the 
sum of their squares and the difierence of their squares shall 
be 65. 

Prob. 32. To find two numbers whose sum is 32, and 
whose product is 240. 

Prob. 33. To find two numbers whose sum is 52, and the 
sum of their squares 1424. 

Prob. 34. A certain number consists of two digits or 
figures, the sum of which is 8. If 36 be added to the num- 
ber, the digits will be inverted. What is the number 1 

Prob. 35. The united ages of A and B amount to a certain 
dumber of years consisting of two digits, the sum of which 
is 9. If 27 years be subtracted from the amount of their 
ages, the digits will be inverted. What is the sum of their 
ages? 

Prob. 36. A merchant having mixed a quantity of brandy 
and gin, found if he had put in 6 gallons more of each, the 
compound would have contained 7 gallons of brandy for 
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every 6 of gm ; but if he had put in 6 gallons lew of each, 
the proportions would have been as 6 to 5* How many gal- 
lons did he mix of each ? 

THRF. ETTNKNOWN QUANTITIES. 

283. In the preceding examples of two unknown quanti- 
ties, it will be perceived that the conditions of each problem 
have furnished two equations independent of each other. It 
often becomes necessary to introduce three or more unknown 
quantities into a calculation. In such cases, if the problem 
admits of a determinate answer, there will always arise from 
the conditions as many equations independent of each other, 
as there are unknown quantities. 

284.. Equations are said to be indepeniient when they ex- 
press different conditions. 

They are said to be dependent when they express the same 
conditions under different forms. The former are not con- 
vertible into each other ; but the latter may be changed from 
one form to the other. Thus ft— a7=y 5 and 6=y-f a?, are 
dependent equations, because one is formed from the other 
by merely transposing x, 

Obser, Equations are said to be identical when they express the same 
thing in the same form; as 4r — 6= 4a:— 6. 

Prob. 37. Suppose x+y+z= 12 ^ ^^^ j^^ ,^ g^^ 
And a?+2y— 22r=10 > and ;?. . 

And a?-|-y — z=^ ) 
From these three equations, two others may be derived 
which shall contain only ttDO unknown quantities. One of the 
three unknown quantities in the original equations may be 

Quest. — ^How many independent equations does a problem of three or 
more unknown quantities furnish? What are independent equatioiM? 
What are dependent ones ? What identical ones ? 
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exterminated, in the same manner as when there are at first 
only two, by the rules already given* 

Jn the equations given abore, if we transpose y and Zj we 
shall have, 

In the first, a?= 12 — y — z. 
In the second, Jr=10— 2y-f-2;er. 
In the thirdj X:=s 4 — y-\-z. 

From these we may deduce two new equations, from 
which X shall be excluded. 

By making the 1st and 2d equal, 1 2— y — 2r= 10 — 2y-\-2z. 

By making the 2d and 3d equal, 10 — 2y+2z=a4f — y+z. 

Reducing the first of these two, y^=3z — 2. 

Reducing-the second, y=ssz+6. 

From these two equations one may be derived containing 
only one unknown quantity. 

Making one equal to the other, 3z — 2=2r-{-6 

And, z=4«. Hence, 

285. To solve a problem containing three unknown quan- 
tities, and producing three independent equations. 

Fkst^from the three equations deduce twOj containing only tioo 
unknown quantities, 

Then^from these two deduce one, containing only one unknown 
quantity, » 

For making these reductions,, the rules already given are 
sufficient. (Arts. 277, 279, 281.) 

Prob. 38. Given iP-|-5y-| 6^=53 \ 

2. And a?-f 3y-|-32=:30 i To find x, y and z. 

3. And %J^y-\-z=^Yl S 

From these three equations to derive two, containing only 
two unknown quantities. 



Quest. — Rale for solviag problems with three unknown quantities ? 
16 
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4. Subtract the 2d from the let, 2y+3a=»23. 

5. Subtract the 3d from the 2d, 2y+22«=18. 
From these two, to derive one, 

6. Subtract the 5th from the 4.th, z=5. 

To find xand y, we have only to take their values from the 
third and fifth equations. (Art. 278.) 

7. Reducing the fifth, y— 9 -z«9 -5==4. 

8. TraBsposing in the third, a:«12— «— y=12— 5-4=«3. 

Prob. 39. Given a?+y+«=»12 i 

And ar+2y+3z=»20 > To fiod a;, y and z. 
And ^+iy-|-2:=.6 ) 
286. In many of the examples in the preceding sections, 
the processes given might have been shortened. But the 
object has been to illustrate general principles, lathei than 
to furnish specimens of expeditious solutions. The learner 
vrill do well, as he passes along, to exercise his skill in 
abridging the calculations which are here given, or substitut- 
ing others in their stead. 
Prob. 40. Given x-|-y=a j 

And x-\-z=:b > To find x, y and z. 
And y-]-z=c ) 
Prob. 4>1. Three persons, A, B and C, purchase a horse 
for 100 dollars, but neither is able to pay for the whole. The 
payment would require. 

The whole of A's money, together with half of B*8 } or 
The whole of B's, with one third of C's ; qr 
The whole of C's, with one fourth of A's. 
How much money had each ? 

287. The learner must exercise his own judgment, as to 
the choice of the quantity to be first exterminated. It will 



Quest. — ^How do you know which unknown quantity to extcrminmtc 
first? 
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generally be best to begin with that which is most free from 
co-efficietUs^ fractions^ radical signSy &c. 

Prob. 4-2. The sum of the distances which three persons, 
A, B and C, have travelled, is 62 miles j A's distance is equal 
to 4, times C'a, added to twice B's ; and twice A's added to 3 
times B's, is equal to 17 times C's. What are the respective 
distances 1 



Given Ja?-)4y-f42r«-62 ^ 

And i^+ii^+i^=47 [ To find ar, y and z. 

And ix4-iu-^iz==-^S ) 



Prob. 43. Given Ja?-)4y-f4z«62 

Prob. 44. Given ary=600 j 

And ar2=300 ( To find x, y and z. 
And y2r=200 ) 

FpUE UNKNOWN QUANTITIES. 

5^8. The same method which is employed for the reduc- 
tion of three equations, may be extended to 4, 5, or any num- 
ber of equations, containing as many unknown quantities. 

The unknown quantities may be exterminated, one after 
another, and the number of equations may be reduced by 
successive steps from five to four, from four to three, from 
three to two, &c. 

Prob. 45. To find w, a?, y and z, from 

L The equation \yJ^Z'\-\w^=S ^ 

% And a;+y+M?=:9 

3. And a?4-y+z=12 

4. And a?-|-M?-f-z=10 , 

5. Clear the 1st of frac. y+2«-|-t£>=16 ] 

6. Subtract 2d from 3d, z— «o=3 ^ Three equations. 

7. Subtract 4th from 3d, y— tt;=2j 



Four equations 



Qm:fiT. — How are problems solved containing four or five unknown 
quantities / 
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8. Adding 5th and 6th, y-|-3z=:19 ) y^ equations. 

9. Subtract 7th from 6th, — y+z=l ) 

10. Adding eth and 9tb, 42f=20. Or 2=5 ' 

11. Transposing in the 8th, y=. 19— 32=4 Quantities 

12. Transposing in the 3d, 2:= 12 — ^y— 2=3 i required. 

13. Transposing in the 2d, w=9— x— y=2 / 
Prob. 46. Given w-f- 50=a; ^ 

And a?-Ul20=3y I ^ * , 

And y +120=22 r^^^^^'^'y «"^^- 
And 2+195»i3i<^J 
Answer. 10= 100 y»90 

ar»150 2=105. 

Prob. 47. There is a certain number consisting of two 
digits. The left hand digit is equal to three times the right 
hand digit 5 and if twelve be subtracted, from the number 
itself, the remainder will be equal to the square of the left 
hand digit. What is the number 1 

Prob. 48. If a certain number be divided by the product of 
its two digits, the quotient will be 2 ; and if 27 be added to the 
number, the digits will be inverted. What is the number 1 

Prob. 49. There are two numbers, such, that if the less be 
taken from 3 times the greater, the remainder will be 35 ;. 
and if 4 times the greater be divided by 3 times the less -f-l^ 
the quotient will be equal to the less. W^hat are the num- 
bers 1 

Prob. 50. There Is a certain fraction, such, that if 3 be 
added to the numerator, the value of the fraction will be |^ ; 
but if 1 be subtracted from the denominator, the value wilh 
be i. What is the fraction 1 

Prob. 51. A gentleman has two horses, and a saddle which 
is worth ten guineas. If the saddle be put on the^r^^ horse, 
the value of both wiH be double that of the second horse ; but 
if the saddle be put on the second horse, the value of both 
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will be less than that of the^r^^ horse by 13 guineas. What 
is the value of each horse 1 

Prob. 5'2. Divide the number 90 into 4? such parts, that the 
first increased by 2, the second diminished by 2, the third mul- 
tiplied by 2, and the fourth divided by 2, shall all be equal. 

If Xy y and 2r, be three of the parts, the fourth will be 90 
— X — y — z. And by the conditions, &c. 

Prob* 53, Find three numbers, such that the first with \ 
the sum of the second and third shall be 120 ; the second with 
\ the di^erence of the third and first shall be 70 j and \ the 
sum of the three numbers shall be 95. 

Prob. 54. What two numbers are those, whose difference, 
sum and product, are jas the numbers 2, 3 and 5 ? 

Prob. 55. A vintner sold at one time, 20 dozen of port 
wine, and 30 dozen of sherry ; and for the whole received 
120 guineas. At another time, he sold 30 dozen of port and 
25 dozen of sherry, at the same prices as before; and for the 
whole received 140 guineas. What was the price per dozen 
of each sort of wine \ 

Prob. 56. A merchant having mixed a certain number of 
gallons of brandy and water, found that, if he had mixed 18 
gallons more of each, he would have put into the mixture 8 
gallons of brandy for every 7 of water. But if he had mixed 
18 less of each, he would have put in 5 gallons of brandy for 
every 4 of water. How many gallons of each did he mix 1 

Prob. 57. What fraction* is that, whose numerator being 
doubled, and the denominator increased by 7, the value be- 
comes 1^ \ but the denominator being doubled, and the nume- 
rator increased by 2, the value becomes f \ 

Prob. 58. A lad expends 30 cents in appie* and pears, 
giving a cent for 4 apples and a cent for 5 pears. He after- 



16 



• 
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wards parts with half his apples and one third of his pears, 
the cost of which was 13 cents. How many did he hoy of 
eachi 

289. If in the algebraic statement of the conditions of a 
problem, the original equations are more numerous than the 
unknown quantities j these equations will either be contradic- 
tory^ or one or more of them will be superfluous. 

Thus the equations 3fic=60 ) 
And ^^_20 r^^ ^^"*'^^*^*^^y- 

For by the first a?=20, while by the second, x^i6. 
But if the latter equation be altered, so as to give to x the 
same value as in the former, it will be useless, in the state- 
ment of a problem. For nothing can be determined from the 
one, which cannot be from the other. 

Thus of the equations 3a:=60 ) 

And ix=10 I ^"^ ** •uperfluous. 

290. But if the number of independent equations produced 
from the conditions of a problem, is less than the number of 
unknown quantities, the subject is not sufficiently limited to 
admit of a definite answer. If for instance, in the equation 
a?+y=100, X and y are required, there may be fifty different 
answers. The values of x and y may be either 99 and 1, or 
98 and 2, or 97 and 3, &c. For the sum of each pair of these 
numbers is equal to 100. But if there is a second equation 
which determines one of these quantities, the other may then 
be found from the equation already given. As iP-|-jf=»100, 
if x=4S^ y must be such a number as added to 46 will make 
100, that is, it must be 54. No other number will answefc 
this condition. 



Quest. — ^When the equations are more nmnerous than the nnkno'wn 
quantities, what is said of them f 



Digitized by VjOOQIC 



Arts. 289-292.] two or more unknown quantities. 187 

291. For the sake of abridging the solution of aproblem, 
however, the number of independent equations actually put 
upon paper is frequently less than the number of unknown 
quantities. 

Prob. 59. To find two numbers whose sum is 30, and the 
difference of their squares 120. 

292. In most cases also, the solution of a problem which 
contains many unknown quantities, may be abridged by par- 
ticular artifices in substituting a single letter for several. 

Prob. 60. Suppose four numbers, u, x, y and z, are requir- 
ed, of which the sum of the first three iS 13, the sum of the 
first two and last 17, the sum of the first and last two 18, the 
sum of the last three 21. 

Then 1. tt-|-a?+y=13 

2 u-\-x-\-z=ll 

3 w-|-yf2;=18 

4 a7+y+z=21. 

Let S be substituted for the sum of the four numbers, that 
is, for u-\-x-^y-\-z, (Art. 159.) It will be seen that of these 
four equations. 

The first contains all the letters except 2r,that is S — z=13 
The second contains all except y, that is, S— ya=17 

The third contains all except x, that is, S — a:=s=18 

The fourth contains all except «, that is, S — u=:2t 

Adding all these equations together, we have 
4S — z — y — a?— tt==69 
Or 4S.— (z-|-y+2r+?/)=69. (Art. 67.) 
But Sr^(z-{-y-^-x+u) by substitution. 
Therefore, 4S— S==69, that is, 3S*=69, and S=tr23. 
Then putting 23 for S, in the four equations in which it is 
^rst introduced, we have 
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23— »= 
23-y= 
23— x= 
23-tt= 



u\3 
=17 

=18 
=21 



ALGEBRA. 



Therefore 



[Sect. xn. 

z«=23— 13=10 
y=23— 17=6 
(E=23— 18=5 
v=23-21=2. 



N. B. Contrivances of this sort for facilitating the solution 
of particular prohlems, must he left to he furnished for the 
occasion hy the teacher and the ingenuity of the learner. 
They are of a nature not to he taught hy a system of rules. 



SECTION XII 



RATIO AND PROPORTION. 



Art. 293. The design of mathematical investigations, is 
to arrive at the knowledge of particular quantities, hy com- 
paring them with other quantities, either equal to, or greater^ 
or less than those which are the objects of inquiry. This 
end is most commonly attained by means of a series of equo' 
tions and proportions. When we make use of equations, we 
determine the quantity sought, by discovering its equality 
with some other quantity or quantities already known. 

We have frequent occasion, however, to compare the un- 
known quantity with others which are not equal to it, hut 
either greater or less. 

294j. Unequal quantities m^y he compared with each other in 
two ways. 



Quest. — What is the design of mathematical investigations t How is 
this end commonly attained ? In equations how is the value of the un* 
known quantity determined ? In how many ways are unequal quantities 
compared 7 What are they ? 
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Fir sty We may inquire how much one of the quantities is 
greater than the other : or, 

Second^ We may inquire how many times one quantity con- 
tains the other. 

295. The relation which is found to exist between the two 
quantities compared, is called the ratio of the two quantities. 

Ratio is of two kinds^ arithmetical and geometrical. It 
is also sometimes called, ratio by subtraction^ and ratio by 
division. 

296. Arithmetical ratio is the difference between two 
quantities or sets of quantities. The quantities themselves 
are called the terms of th^ ratio, that is, the terms between 
which the ratio exists. Thus 2 is .the arithmetical ratio of 5 
to 3. This is sometimes expressed, by placing two points 
between the quantities thus, 5 •• 3, which is the same as 5 — 3. 
Indeed the term arithmetical ratio, and its notation by points, 
are almost needless, and are seldom used. For the one is 
only a substitute for the word difference and the other for 
the sign — . 

297. If both the terms of an arithmetical ratio be multiplied 
or divided by the same quantity, the ratio will, in effect, be 
multiplied or divided by that quantity. 

Thus if a^-bzur 

Then multiply both sides by A, (Ax. 3,) ha — hb=hr 

And dividing by A, (Ax. 4,) - — r = T- 

h A h 

298. If the terms of one arithmetical ratio be added to, or 
subtracted from, the corresponding terms of another, the ratio 



Quest. — What is ratio ? Of how many kinds is it ? What are they 
called ? What is arithmetical ratio ? What are the quantities themselves 
called ? If both the terms are multipliedf or divided, by the same quantity, 
how is the ratio affected ? If the terms of one ratio are added to the cor- 
responding terms of another, how is the ratio affected 7 
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of their sam or difference wiil be eqaal to the sam or differ- 
ence of the two ratios. 

, > are the two ratios, 

And a — k ) 
Then (a-l-d)-(^4.A)=:(a— 6)+(rf— A). For each =a-f-</-^A. 
And (a— rf)-(*-A)=(a— *)-((i— A). For each =o-rf-^+A. 
Thus the arithmetical ratio of 11 ..^ is 7, 
And the arithmetical latio of 5 •• 2 is 3. 
The ratio of the sun of the terms 16 .. 6 is 10, which is 
also the sum of the ratios 7 and 3. 

The ratio of the difference of the terms 6 .. 2 is 4, which 
is also the difference of the ratios 7 and 3. 

299. Geometrical ratio is that relation between quantities 
which is expressed by the quotient of the one divided by thf 
other. 

Thus the ratio of 8 to 4, is f or 2. For this is the quotient 
of 8 divided by 4. In other words, it shows how often 4 is 
contained in 8. 

300. The two quantities compared, are called a couplet. 
The first term is the antecedent^ and the last^ the consequent. 

301. Geometrical ratio is expressed in two ways. 

First, In the form of a fraction, making the antecedent the 
numerator, and the consequent the denominator; thus the 

ratio of a to 5 is -. And 

b 

Second, By placing a colon between the quantities com- 
pared ; thus, a : b expresses the ratio of a to b, 

Obser. The Frenck mathematicians put the antecedent for the <^ 
nominator; aad the coTisequent for the numerator. Some American 



Quest. — ^What is geometrical ratio ? What is a couplet ? The ante » 
cedent f The consequent ? In how many ways is geometrical ratio ex- 
pressed ? The first 7 Second ? What is the French mode ? What are 
the comparative advantages of the English and Frencih methods ? 



A: 
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authors have foUowed their example. It is believed however that the 
English method, which is adopted in the larger work, is most in accord- 
ance with reason j whUe the French mode maj perhaps have some advan- 
tage in practice. 

302. Of these three, the antecedent, the consequent, and 
the ratio, any two being given, the other may be found. 

Let a= the antecedent, c== the consequent, r= the ratio. 

By definition r= - ; that is, the ratio is equal to the ante- 
c • 

cedent divided by the consequent. 

Multiplying by c, a=^cr, Ihat is, the antecedent is equal to 
the consequent multiplied into the ratio. 

Dividing by r, c= ^, that is, the consequent is equal to 

the antecedent divided by the ratio. 

Cor. 1. If two couplets have their antecedents equal, and 
their consequents equal, their ratios must he equal. (Euc. 
7. 5.) 

Cor. 2. If in two couplets, the ratios are equal, and the 
antecedents equal, the consequents are equal ; and if the 
ratios are equal and the consequents equal, the antecedents 
are equal. (Euclid 9. 5.) 

303. If the two quantities compared are equal^ the ratio is 
a unit, or a ratio of equality. The ratio of 3 x 6 : 18 is a unit, 
for the quotient of any quantity divided by itself is 1. 

If the antecedent of a couplet is greater than the conse- 
quent, the ratio is greater than a unit. For if a dividend is 

greater than its divisor, the quotient is greater than a unit. 

-^ 

Quest. — When the antecedent and consequent are %tven, how is the 
ratio found ? When the consequent and ratio are given, how find the 
antecedent ? When the aatecedent aad ratio are given, how find the con- 
sequent ? What is the first corollary ? The second ? If the two quanti- 
ties compared are equal, what is the ratio 7 If the antecedent is the 
larger, what is the ratio ? What called ? 
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Thus the ratio of 18 : 6 is 3. (Art. 104, Cor.) This is called 
a ratio of greater inequality. 

On the other hand, if the antecedent is less than the con- 
sequent, the ratio is less than a unit, and is called a ratio of 
less inequality. Thus the ratio of 2:3, is less than a unit, 
because the dividend is less than the divisor. 

305. Inverse or reciprocal raiio is the ratio of the red" 
procals of two quantities. (Art. 32.) 

Thus the reciprocal Tatio of 6 to 3, is \ to J, that is |^-i-^. 

The direct ratio of a to 6 is -.' that is, the antecedent divid- 

b 

ed by the consequent. 

The reciprocal ratio is - : -, or, _ -^ _ = _ x - == - ; 
aha b a 1 a 

that is, the consequent b divided by the antecedent a. 

• Hence a reciprocal ratio is expressed by inverting the frac- 
tion which expresses the direct ratio \ or when the notation 
is by points, by inverting the order of the terms. 
Thus a is to 5 inversely, as b to a. 

306. Compound ratio is the ratio of the products of the cor* 
responding terms of two or more simple ratios. 

Thus the ratio of 6 : 3, is 2 

And the ratio of 12 : 4, is 3 



The ratio compounded of these is 72 : 12=6 

Here the compound ratio is obtained by multiplying to- 
gether the two antecedents, and also the two consequents, 
of the simple ratios. Hence it is equal to the product of the 
simple ratios. 



Quest. — If the consequent is the larger, what is the ratio ? What 
called ? What is inverse ratio I How expressed ? What is compoond 
ratio ? Does it differ from other ratio in its nature ? 
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Compound ratio is not dlfierent in its naturttiom any othei 
ratio. The term is used to denote the origb of the ratio in 
particular cases. 

307. If in a series of ratios the consequent of each pre- 
ceding couplet, is the antecedent of the following one, the 
ratio of the first antecedent to the last consequent, is equal to 
that which is compounded of all the intervening ratios. (Eu- 
clid 5th B.) 

Thus, in the series of ratios a : b 

b:c 
c : d 
d:h 
the ratio of a : A, is equal to that which is compounded of the 
ratios of a : 6, of 6 : c, of c : c/, of d:h. For the compound 

ratio hy the last article is =- or a : A. (Art. 117.) 

bcdh h 

308. A particular class of compound ratios is produced, by 
multiplying a simple ratio into zV^e//", or into another «^z^a/ 
ratio. These are termed duplicate, triplicate, quadruplicate, 
&c., according to the number of multiplications. 

A ratio compounded of two equal ratios, that is, the square 
of the simple ratio, is called a duplicate ratio. 

One compounded of three, that is, the cU[be of the simple 
ratio, is called triplicate, &c. 

In a similar manner, the ratio of the square roots of two 
quantities, is called . a subduplicate ratio i that of the cube 
roots a subtriplicate ratio, &c. 

Thus the simple ratio of a to ^, is a :b 

The duplicate ratio of a to b, is a^: b^ 

Quest. — What is it equal to ? When the consequent of each preceding 
couplet is the antecedent of the next, what is the ratio of the first antecedent 
to the last consequent equal to ? What is a duplicate ratio ? Triplicate ? 
Suhduplicate t Subtriplicate ? 
17 
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The triplicate ratio of a to 6, is o^ : ^ 

The suhduplicate ratio of a to 6, is ^a :^b 

The subtriplicate ratio of a to i^, is {/ a : ^ 6, &c. 

N. B. The terms duplicate, triplicaie, &c., must not be con- 
founded with double, triple, &c. 

The ratio of 6 to 2 is 6:2=3 

Double this ratio, that is, twice the ratio, is 12 : 2=6 

Triple the ratio, i. e. three times the ratio, is 18 : 2 = 9 

The duplicate ratio, i. e. the square of the ratio, is 6^ : 2^= 9 
The triplicate ratio, i. e. the cube of the ratio, is 6^ : 23=27. 

309. That quantities may have a ratio to each other, it is 
necessary that they should be so far of the same nature, that 
one can properly be said to be either equal to, or greater, or 
less than the other. Thus a foot has a ratio to an inch, for 
one is twelve times as great as the other. 

310. From the mode of expressing geometrical ratios in 
the form of 2l fraction, (Art. 301,) it is obvious that the ratio 
of two quantities is the same as the value of a fraction whose 
num^ator and denominator are equal to the antecedent and 
consequent of the given ratio. Hence, 

311. To multiply, or divide both the antecedent and conse- 
quent by the same quantity, does not alter the ratio. (Art. 112.) 
To multiply, or divide the antecedent alone by any quantity, 
multiplies or divides the ratio ; to multiply the consequent 
alone, divides the ratio ; and to divide the consequent, multi- 
plies the ratio. (Arts. 132, 135.) That is, multiplying and 
dividing the antecedent or consequent, has the same effect 
on the ratio, as a similar operation, performed on the nume- 
rator or denominator, has upon the value of a fraction. 



Quest. — ^What effect does it have on the ratio to multiply or divide both 
the antecedent and the consequent by the same quantity ? To multiply or 
divide the antecedent only 7 The consequent only 7 
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312. If to or from the terms of any couplet j two other quan* 
titles having the same ratio be added or subtracied^ the sums or 
remainders will also have the same ratio. (Euclid 5 and 6. 5.) 
Thiis the ratio of 12:3 is the same as that of 20:5. And 
the ratio of the sum of the antecedents 12-f-20 to the sum of 
the consequents 3-|-5, is the same as the ratio of either cou- 
plet. That is, 

12+20:3+5::12:3=20:5, orl^±^=l?=??=4. 
^ ^ ' 3+5 3 5 

So also the ratio of the difference of the antecedents, to the 

difference of the consequents, is the same. That is, 

20— 12:5— 3::12:3=20:5, or?2i:l?=l?=?2=4. 

5—3 3 5 

313. If in several couplets the ratios are equal, the sum of 
mil the antecedents has the same ratio to the sum of all the conse- 
quents, which any one of the antecedents has to its constqtient. 
(Euclid 1 and 2. 5.) 

12:6^2 
10:5=2 

8:4=2 

6:3=2 
Therefore the ratio of (12-f-10-|- 8+6) : (6+5-f4+3)=2. 

EXAMPLES FOR PRACTICE. 

1. Which is the greater, the ratio of 11:9, or that of 
44:351 

2. Which is the greater, ithe ratio of a+3:^ or that of 
Ha+liial 



QxTEST* — ^When you add or subtract the terms of two couplets haYiog 
the same ratio, what is the ratio of their sum or difference 7 In several 
couplets of equal ratios, what ratio has the sum of all the antecedents to 
the sum of all the consequents ? 



Thus the ratio 
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3. If the antecedent of a couplet be 65, af&d the ratio 13, 
what is the consequent 1 

4. If the consequent of a couplet be 7, and the ratio 18, 
what is the antecedent 1 

5. What is the ratio compounded of the ratios of 3 : 7, and 
2a : 56, and 7x-f-l : 3y— 2 1 

6. What is the ratio compounded of x-j-y : 6, and x — y : a-f-6, 
anda+^z-A? 

7. If the ratios of 5a?-|-7:2a?— 3, and x-\-2:^x-\-3 be com- 
pounded, will they produce a ratio of ^eater inequality, or 
of less inequality 1 

8. What is the ratio compounded of x-^-yia^ and x — y:by 

and6:?!=y!? 
a 

9. What is the ratio compounded of 7: 5, and the duplicate 
ratio of 4:9, and the triplicate ratio of 3:21 * 

10. What is the ratio compounded of 3 : 7, and the tripli- 
cate ratio of rr : y, and the subduplicate ratio of 49 : 9 1 

PROPORTION. 

315. Proportion is an equality of ratios. It is divided into 
two kinds : Arithmetical and Geometrical. 

Arithmetical proportion is an equality of arithmetical ra- 
tios, and geometrical proportion is an equality of geometrical 
ratios. Thus the numbers 6, 4, 10, 8, are in arithmetical 
proportion, because the difference between 6 and 4 is the 
same as the difierence between^O and 8. And the numbers 
6, 2, 12, 4, are in geometrical proportion, because the quotient 
of 6 divided by 2, is the same as the quotient of 12 divided 
by 4. 



Quest. — What is proportion? Of how many kinds is it? What is 
arithmetical proportion ? Geometrical proportion ? 
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316. Care must be taken not to confound proporizon with 
ratio. This caution is the more necessary, as in common 
discourse, the two terms are used indiscriminately, or rather, 
proportion is used for both. The expenses of one man are 
said to bear a greater proportion to his income, than those of 
another. But according to the definition which has just been 
given, one proportion is neither greater nor less than another. 
For equality does not admit of degrees. One ratio may be 
greater or less than another. The ratio of 12 : 2 is greater 
than that of 6 : 2, and less than that of 20 : 2. But these dif- 
ferences are not applicable to proportion^ when the term is 
used in its technical sense. The loose signification which is 
so frequently attached to this word, may be proper enough 
in familiar language ; for it is sanctioned by general usage. 
But for scientific purposes, the distinction between proportion 
and ratio should be clearly drawn, and cautiously observed. 

317. Proportion may be expressed, either by the common 
sign of equality, or by four points between the two couplets. 

Th ^ ^ ** ^=^ ••2, or 8 •• 6 : : 4 •• 2 } are arithmefical 



C 8 -6=4 -2, or 8-6::4..2 )i 
( a •• ^=c •• i, or a •• ^ : : c •• (i ) 



proportions. 



. , J 12^ 6=8 : 4, or 12 : 6 : : 8 : 4 ) are geometrical 
\ a : b=.d : A, or aih ii dih^ proportions. 

The latter is read, ' the ratio of a to 6 equals the ratio of 
<f to A ;' or more concisely, ^ a is to 6 as (2 to A.' 

318. The first and last terms are called the extremes^ and 
the other two the means. Homologous terms are either the 
two antecedents or the two consequents. Analogous terms 
are the antecedent and consequent of the same couplet. 



Qttest. — ^What is the difference between ratio and proportion ? In 
liowmany ways is propoition expressed? Hdw it. the latter read? 
Which are the extremes ? Which the means ? What are homologous 
terms ? Whai analogous terms ? • 

17* 
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319. As the ratios are eqaal, it is manifestly immaterial 
mhich of the "two couplets is placed first. 

If a : ft : : c : rf, then c:d::a:L For if ?=- then -=^ 

a do 

320. The number of terms in a proportion must he at least 
four. For the equality is hetween the ratios of two couplets ; 
and each couplet must have an antecedent and a consequent. 
There may he a proportion, however, among three quantities. 
For one of the quantities may be repeated^ so as to form two 
terms. In this case the quantity repeated is called the mid- 
dle term^ or a mean proportional hetween the two other quan- 
tities, especially if the proportion is geometrical. 

Thus the numbers 8, 4, 2, are proportional. That is, 
8:4: : 4 : 2. Here 4 is both the consequent in the first 
couplet, and the antecedent in the last. It is therefore a 
mean proportional between 8 and 2. 

The last term is called a ^Atr(i/>ropor/iona/ to the two other 
quantities. Thus 2 is a third proportional to 8 and 4. 

321: Inverse or reciprocal proportion is an equality he- 
tween a direct ratio and a reciprocal ratio. 

Thus 4:2::^:^; that is, 4 is to 2 reciprocally^ as 3 to 6. 
Sometimes also, the order of the terms in one of the coup- 
lets is inverted, without writing them in the form of a frac- 
tion. (Art. 305.) 

Thus 4 : 2 : : 3 : 6 inversely. In this case, nhe first term is 
to the second, as thefotarth to the third; that is^the first divid- 
ed by the second, is equal to the fourth divided by the third. 

322. When there is a series of quantities, such that the 
ratios of the first to the second, of the second to the third, of 



Quest.— Which couplet must be placed first ? How many terms mast 
tiiere be ? Can there be a proportion with three qnantities ? What is the 
middle term called ? The last term ? What is inverse proportion ? 
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the third to the fourth, &c., are all equal ; the quantities are 
said to he in continued proportion. The consequent of each 
preceding ratio is then the antecedent of the following one. 

N. B. Continued proportion is also called progression. 

323. In the preceding articles of this section, the general 
properties of ratio and proportion have been defined and il- 
lustrated. It now remains to consider the principles which 
are peculiar to each kind of proportion, and attend to their 
practical application in the, solution of problems. 



SECTION XIII. 

ARITHMETICAL PROPORTION AND PROGRESSION. 

Art. 324. If /owr quantities are in arithmetical proportion, 
the sum of the extremes is equal to the sum of the means. 
Thus if a .. 6 : : A •• JW, then a-f«»ac=ft-|-A 

For by supposition, ft — 1> *»h — m 

And transposing — b and — m, a4-«»*=^+A» 

So in the proportion, 12 .. 10 ; : 11 .. 9, we have 12+9«104-11- 

325. Again if three quantities are in arithmetical propor- 
tion, the sum of the extremes is equal to double the mean. 

If a .. 6 : : 6 .. c, then, «— 6*si — c 

And transposing — & and — c, a4-C:«25. 

326. Quantities, which increase by a common difference, 
as 2, 4, 6, 8, 10, &c. j or decrease by a common difference, as 



Quest. — ^When four quantities are in arithmetical proportion, what is 
tlie sum of the extremes equal to? When there are but three terms in the 
proportion, what is the sum of the extremes equal to 7 What is eontinued 
arithmetical proportion? 
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15, 12, 9, 6, 3, 6ce^ are in continued arithmetical proportion* 
(Art. 322.) 

Such a series is also called an arithmetical progression ; 
and sometimes progression by difference, or equidifferent se- 
ries. 

327. When the quantities increase, they form what is call- 
ed an ascending series, as 3, 5, 7, 9, 11, &c. 

When they decrease, they form a descending series, as 11, 
9, 7, 5, 3, ice. 

The natural numbers, 1, 2, 3, 4, 5, 6, &c., are in arithmeti- 
cal progression ascending. 

328. From the definition it is evident that in an ascending 
series, each succeeding term is found by adding the common 
difference to the preceding term. 

If the^first term is 3, and the common difference 2 ; 
The series is 3, 5, 7, 9, 11, 13, &;c. 
If the first term is a, and the common difference d ; 
Then a-^-d is the second term, a'\-d-\-dxs^^Q4 the third, 
o-f-2</+<i»=o+3d the 4th, a+3d-f-<f=a+4d the 5th, &c. 

Ut ad 3d 4tb fith 

And the series is a, a+d, a-\-2d, a-{-3d, a-{Ad, &;c. 
If the first term and the common difiTerence are the same, 
the series becomes more simple. Thus if a is the first term, 
and also the common difiTerence, and n the number of terms, 
Then a+a«=:2a, is the second term, 
2a+a=s3a, the third, &;c. 
And the series is a, 2a, 3a, 4a, • na, 

329. In a descending series, each succeeding term is found 
by subtracting the common difference from the preceding term. 



Quest. — ^What else is this series called 7 When the series increases, 
what is it called ? When it decreases^ what ? How is each successiye 
term fonnd in an ascending series ? How in a descending series ? 
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If a is the first term, and d the common difierence, the se- 

Ut Sd 3d 4Ui fth 

rics is a, a — d, a — 2d, a — 3c?, a— 4c?, &c. 

In this manner we may ohtain any term by continued ad- 
dition or subtraction. But in a long series, this process 
would become tedious. There is a method much more ex- 
peditious. By attending to the series, 

Itt 2d 3d 4th 5th 

a, a-frf, a-\-2d, a-fSc?, a+4c/, &c., 
it will be seen that the number of times d is added to a, is 
one less than the number of the term. Thus, 

The second term is a-f-c?, i. e. a added to once d ; 
The third is a+2d, a added to twice d ; 

The fourth is a-f-3i, a added to thrice 4; &c. 

So if the series be continued, 

The 50th term will be a+i9d, ^ 

The 100th term ar\'99d. 

If the series be descending, the 100th term will be a — 99d. 
In the last term, the number of times d is added to a, is 
one less than the number of all the terms. If then 

d=ihe common difference, o=the first term, 2= the last, 
n=the number of terms, we shall have in all cases, 

z=a±(n — 1) X c? 5 that is, 

330. (1.) To find the last term of an ascending series. 

Md to the first term the product of the common difference into 
the number of terms less one, and the sum will be the last term* 

(2.) To find the last term of a descending series. 

From the first term subtract the product of the common dif- 
ference into the number of terms less one^ and the remainder 
will be the last term. 



Quest. — How is the last term of an ascending series found ? How the 
last of a descending series? 
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N. B. Any other term may be found in the same way. 
For the series may be made to stop at any term, and that 
may be considered, for the time, as the last. 

Thus the wth term=:a±(»i — l)x</. 

Prob. 1. If the first term of an ascending series is 7, the 
common difierence 3, and the number of terms 9, what is the 
last term 1 Aps. z=a4-(n— l)J=7+(9--i) x 3= 31. 

Prob. 2. If the first term of a descending series is 60, the 
common difference 5, and the number of terms 12, what is the 
last terml Ans. 2r=aa— (»— 1)(/==60— (12— 1) x 5=5. 

Prob. 3. If the first term of an ascending series be 9, and 
the. common difiTerence 4, what will the 5th term be 1 

Ans. zvm,a+(m—l) x J=9+(5— 1) x 4=±:25. 

331. There is one other inquiry to be made concerning a 
series in arithmetical progression. It is often necessary to 
find the sum of all the terms. This is called the summation 
of the series. The most obvious mode of obtaining the 
amount of the terms, is to add them together. But the na- 
ture of progression will furnish us with a more expeditious 
method. 

Let us take, for instance, the series 3, 5, 7, 9, 11, 
And also the same inverted, 11, 9, 7, 5, 3, 

The sums of the terms will be, 14, 14, 14, 14, 14. 
Take also the series, a a-frf, a+2J, a+Sd^ a+4J 

And the same inverted, a+id^ a+Sd, o+2i, a+rf, a 



The sums will be, 2a^\Ad, 2a4-4</, 2a44 J, 2a44(i, 2a44d 
Hence, it will be perceived that the sum of all the terms 
in the double series, is equal to the sum of the extremes 
repeated as many times as there are terms. Thus, 

The sum of 14, 14, 14, 14 and 14=14x5. 
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And the sum of the terms in the other douhle series is 
(2a4.4«i)x5. 

But this is twice the sum of the terms in the single series 
If then we put 

a=the first term, ii=the number of terms, 

z=the last, s==the sum of the terms, 

we shall have this equation, s= Xn. Hence, 

At 

332. To find the sum of all the terms in an arithmetical 
progression. 

Multiply half the sum of the extremes into the number of 
terms^ and the product will be the sum of the given series. 

Proh. 4. What is the sum of the natural series of numbers 
1, 2, 3, 4, 5, &c., up to 1000 1 

Ans. ,=^±^xn=l±i222x 1000=500500. 
2 2 

333. The two formulas, z— a±(»— l)rf,- (Art. 329,) and 
g= ^"^ xn, (Art. 331,) contain five difi^erent quantities 5 viz. 

At 

«, the first term ; (f, the common difference ; n, the number of 
terms ; z, the last term ; and 5, the sum of all the terms* 

From these two formulas others may be deduced by which, 
if any thtee of the five quantities are given, the remaining two 
may easily be found. The most useful of these formulas are 
the following. 

By the first formula, 

1. The last term^ zsBa±(n — 1)4. in which a, n and d are 
given. 



Quest. — How is the sum of aU the terms found ? When the first term, 
the common difference, and the number of terms are given, how is the last 
term found 7 
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Transposing (» — l)rf, 
% The first term, a««z±(n— 1)J, z, n and d being giv«. 
Transposing a in the Ist, and dividing by n — 1, 



3. The common difference, (i= , a, z and n being given. 

n — 1 

Transposing and dividing, 

4. TAe number of terms, n==?Z^+l, a, z and d being given. 

By the second formula, 

5. The sum of the terms, «=^^ xn,a,z and n being given. 

Or by substituting for z its value, 

t««®?ii5lll^Xn, in which a, n and d are given. 
2 

Reducing the preceding equation, 

6. The first term, g — ^""^^^"^ ^ «> «? and » being given. 

Off Qfltjt 

7. rA« common difference, <f== — , s, a and n being given. 



8. TAenumJer o/.ems „^ V^^)!^Z??±^, ., d and 

2c/ 

s being given. 



Quest. — ^When the last term, the common difference, and the number 
of terms are given, how find the fifst term ? When the first, and last, and 
the number of terms are given, how find the common difference 1 When 
the first and last terms, and the common difference are given, how find the 
number of terms 7 When the first, and last, and the number of terms are 
given, how find the sum of all the terms ? When the sum, difference, and 
number of terms are given, how find the first term ? When»the first term, 
the fum, and the number of terms are given, how find the common differ- 
ence 7 When the first .tenn« the common difference, and the sum of the 
terms are given, how find the number of terms 7 
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Obser. A yanety of other formulas may be deduced from the preceding 
equations, the investigation of which will afibrd thettudent a pleasing and 
profitable exercise. 

334. By the third formula, e. g. maybe found any number 
of arithmetical means, between two given numbers. For the 
whole number of terms consists of the two extremes and all 
the intermediate terms. If then ;7z= number of means, 
m-\-2=n^ the whole number of terms. Substituting in-|-2 
for h in the third equation, we have, 

The common difference, (2»s ^X^' in which a, z and m are 

given. 

Prob. 5. Find 6 arithmetical means, between 1 and 43. 

A ^ The common difierence is 6, 
Ans. < 

( The series, 1, 7, 13, 19, 25, 31, 37,43. 

335. It is obvious from the illustration in Art. 331, that 
the sum of the extremes in an arithmetical progression, is equal 
to the sum of any other two terms equally distant from the 
extremes. Thus, in the series 3, 5, 7, 9, 11, the sum of the 
first and last terms, of the first but one and last but one, &c., 
is the same in each case, viz. 14. The same is true of 
every series. 

Prob. 6. If the first term of an increasing arithmetical 
series is 3, the common difference 2, and the number of terms 
20 ; what is the^ sum of the series 1 

Prob. 7. If 100 stones are placed in a straight line, at the 
distance of a yard from each other ; how far must a person 
travel, to bring them one by one to a box placed at the dis- 
tance of a yard from the fir8{ stone 1 

Quest. — How find any number of arithmetical means between two given 
numbers 7 In a series of arithmetical progression, what is the sum of th« 
extremes equal to 7 

18 
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Prob. 8. What is the wim of 150 terms of the series 

Prob, 9. If the sum of an arithmetical series is 1455, the 
least term 5, and the number of terms 30 3 what is the com- 
mon difference 7 

Prob. 10. If the sum of an arithmetical series is 567, the 
first term 7, and the common difference 2 5 what is the num- 
ber of terms 1 

Prob. 11. What is the sum of 32 terms of the series 
1, 4,2, 2J,3, &C.1 

Prob. 12. A gentleman bought 47 books, and gave 10 cents 
for the first, 30 cents for the second, 50 cents for the third, 
&c. What did he give for the whole 1 

Prob. 13. A person put into a charity box, a cent the first 
day of the year, two cents the second day, three cents the 
third day, &c., to the end of the year. What was the whole 
sum for 365 days 1 

Prob. 14. How many strokes does a common clock strike 
in 24 hours 1 

Prob. 15. The clocks of Venice go on to 24 o'clock 5 how 
many strokes do they strike in a day 1 

Prob. 16. Required the sum of the odd numbers 1, 3, 5, 7, 
9, &c. continued to 101 terras. 

Prob. 17. Required the 365th term of the series of even 
numbers 2, 4, 6, 8, 10, 12, &c. 

Prcb. 18. The first term of aperies is 4, the common differ- 
ence 3, and the number of terms 100 ; what is the last termi 

Prob. 19. A man puts $1 at interest at 6 per cent. ; what 
will be the amount in 40 years at simple interest? 



Digitized by VjOOQ IC 



A.rt. 336.] ARITHMETICAL PROGRESSION. 207 

Prob. 20. The extremes of a series are 2 and 29 5 jtnd the 
number of terras is ten. What is the common diiSerence % 

Prob. 21. The extremes of a series are 3 and 39, and the 
common difference 2. What is the number of terms 1 

Profi. 22. Find 5 means between 6 and 48. 

Prob. 23. Find 6 means between 8 and 36« 

336. Problems of various kinds, in arithmetical progres- 
sion, may be solved by stating the conditions algebraically, 
and then reducing the equations. Thus, 

Prob. 24-. Find four numbers in arithmetical progression, 
whose sum shall be 56, and the sum of their squares 864. 
Let «= the second of the four numbers. 
And y=s their common difference : 
The series will be x — y, a?, x-\-y and a?+2y. 
By the conditions, (x — y)-|-a?-|-(ic-[-y)-|-(a?-[-2y)=s56 
And («— y)2+a?2+(a:+y)2+(aj+2y)2=i864 

That is, 4x+2y=56 

* And 4a:2-f4a:y+6y2r=:864 

Reducing these equations, we have 2rssl2, and yss4. 
The numbers required, therefore, are 8, 12, 16 and 20. 

Prob. 25. The sum of three numbers in arithmetical pro* 
gression is 9, and the sum of their cubes is 153. What are 
the numbers ? 

Prob. 26. The sum of three numbers in arithmetical pro- 
gression is 15, and the sum of the squares of the two ex- 
tremes is 58 What are the numbers 1 

Prob. 27. There are four numbers in arithmetical progres- 
sion : the sum of the squares of the first two is 34 ; and the 
sum of the squares of the last two is 130. What are the 
numbers 1 
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Prob. 28. A certain number consists of three digits, which 
are in arithmetical progression, and the number divided by 
the sum of its digits is equal to 26 ; but if 198 be added to 
it, the digits will be inverted. What is the number 1 

Let the digits be equal to x — y, Xy and x-\-yy respectively. 
Then the number=100(x-y)+10a?+(a?4-y)=llla:-993^ &c. 

Prob. 29. The sum of the squares of the extremes of four 
numbers in aritllmetical progression is 200 ; and the sum of 
the squares of the means is 136. What are the numbers 1 

Prob. 30. There are four numbers in arithmetical progres- 
sion whose sum is 28, and their continued product is 585. 
What are the numbers 1 



SECTION XIV. 

GEOMETRICAL PROPORTION AND PROGRESS 1,0 N. 

Art. 337. If four quantities are in geometrical proportion^ 
the product of the extremes is equal to the product of the 
means. Thus, 

12 : 8 :: 15 : 10 ; therefore 12x10=8x15. Hence, 

338. Any factor may be transferred from one of the means 
to the other, or from one extreme to the other, without af- 
fecting the proportion. 

Thus i( a:mb::x:yy then a:b::mxty ;[ot the product of 
the means In both cases is the same. 

So if na:^:ix:y, then a:b::x: ny. 



QuEST.^lf four quantities are in geometric.al proportion, what is th# 
product of the extremes equal to 7 



Digitized by VjOOQ IC 



Arts. 337-341.] geometrical phopoetion. 209 

339. On the other hand, if the product of two qaantities 
is equal to the product of two others, the four quantities will 
form a proportion if they are so arranged, that those on one 
side of the equation shall constitute the means, and those on 
the other side the extremes. Thus since 6 x 12=8 x 9, then 
6 : 8 : : 9 : 12. (Art. 158.) 

Cor. The same must he true of any factors which form 
the two sides of an equation. Thus if 

(a^b)xc={d — TO)xy, then a-\-h : d — m : : y : c. 

340. If three quantities are proportional, the product of the 
extremes is equal to the square of the mean. For this mean 
proportional is, at the same time, the consequent of the first 
couplet, and the antecedent of the last. (Art. 320.) It is 
therefore to be multiplied into itself that is, it is to be squared. 

Thus, 4 : 6 : : 6 : 9; therefore 4.x9=6x6. 
U a : b : : b : c^ then mult, extremes and means, ac=zb\ 
Hence, a mean proportional between two quantities may 
be found by extracting the square root of their product. 

If a : 0? : : a? : c, then x^=^ac^ and a?=y^ ac. (Art. 249.) 

341. It follows, from Art. 338, that in a proportion, either 
extreme is equal to the product of the means, divided by the 
other extreme ; and either of the means is equal to the pro- 
duct of the extremes, divided by the other mean. 

1. U a : b : : c : d^ then ad=bc. 

2. Dividing by d, a=bc-i-d. 

3. Dividing the first by c, b==^ad-^c, 

4. Dividing it by 6, c^^ad-^b. 
b. Dividing it by a, (/=5&c-j-a. 

Quest. — How is an equation put into a proportion ? If three quantities 
are in proportion, what is the product of extremes equal to 7 How is a 
mean proportional between two quantities found ? When the means and 
one extreme are given, how find the other extreme ? When the extremes 
and one of the m^ans are given, howUnd the other ? 
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That is, tht fourth term is equal to the product of the second 
and third divided by the first. 

N. B. On this principle is founded the rule of simple pro- 
portion in arithmetic, commonly called the *' Rule of Three.^^ 
Three numbers are given to find a fourth, which is obtained 
by multiplying together the second and third, and dividing 
by the first. 

342. The propositions respecting the products of the means 
and of the extremes, furnish a very simple and convenient 
criterion for determining whether any four quantities are pro- 
portional. We have only to multiply the means together, 
and also the extremes. If the products are equal, the quan- 
tities are proportional. If the products are not equal, the 
quantities are not proportional. 

343. It is evident that the terms of a proportion may un- 
dergo any change which will not destroy the equality of the 
ratios / or which will leave the product of the mean^equdii to 
the product of the extremes. These changes are numerous^ 
but they may be reduced to a few general principles. 

Case I. Changes in the order of the terms, 

344. If four quantities are proportional, the order of the 
means y or of the extremes^ or of the terms of both couplets^ may 
be inverted tutthout de^troyifig the proportion. 

Thus if a : 6 : : c : (/, and 12 : 8 : : 6 : 4, then, 

1 r*.«^ 4^^r. *A- ^^«*,o %S a' c I :b : d} the 1st is to the 3d 
1. Inverting the meansy* < ^^_ ^ o W i r. i . ^ t 
° < 12: 6 :: 8: 4 5 as the 2d to the 4th. 

Quest. — What rule is founded on this principle ? How can you tell 
whether four~quantitie8 are proportional ? What alterations can be made 
in the terms of a proportion ? When the means are inverted, what is it 
called ? When the terms of each couplet are inverted, what ? If the 
tenns of only one coupt'et are inverted, what is the effect on the propor- 
tion? , 
• * This is called alternation. (£i»clid 16. 5.) 
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2. Inverting the txtremts, W • * • • <^ • • j the 4th ia to the 2d 

< 4: 8: : 6 : 12 i as the 3d to the Ist. 

3. Inverting the terms of ^bi a : : </ : c > the 2d is to the 1st 
e^ich couplet,* ^ 8 : 12 : : 4 : 6 S as the 4th to the 3d. 

4. We may change the order of the two couplets, (Art. 
319.) 

Cor. The order of the whole proportion may he inverted. 
N. B. If the terms of only one of the couplets are inverted, 
the proportion becomes Reciprocal, (Art. 321.) 
l(a:b::c:d, then a is to b reciprocally, as d to c. 

Case II. Multiplying or dividing by the same quantity. 

345. If four quantities are proportional, two analogous 
or two homologous terms may be multiplied or divided by the 
same quantity^ without destroying the propovtion. Thus, 

If a : 6 : : c : J, then, if analogous terms are multiplied, .or 
divided, the ratios will not be altered. (Art. 311.) 

l,ma',mbiicid, 2, a : b : : mc : md, 

n a b J A I c d 

3. -:-.::c:d 4. a:J::— : — . 

mm mm 

If homologous terms be multiplied or divided, both ratios 
will be equally increased or diminished. 

b, maibi'.mcid, Q, a\mb::c\ md, 

7. ^:b:;i'.d. 8. ad::c:^, 

mm mm 

Cor. All the terms may be multiplied, or divided by the 

same quantity. Thus ma : mb ::mc : md, or -:_;:-.:_. 

mm mm 



Quest .^ — If two analogous terms are multiplied or divided by the same 
quantity, what 4i the effect ? If two homologous terms are multiplied or 
divided, what? 

* This is technieally oiUad ituHtnum. 
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Case IIL Camporing one proportion with another. 

346. If two ratios are respectively equal to a thirdj they are 
equal to each other. (Euclid 11. 5.) 

This is nothing more than the 7th axiom applied to ratios. 

1. If«:^"-:«»:'»|thena:6::c:d;ora:c;:6:d. (Art. 344.) 
And cidiimmj 

^' ^^ "" '^ '' ^' "^ lihen aib::c:d, or a:c::b:d. 
And m:n::c : di 

^oT.l(a:b::m:n)^^^^^.^^^.^ (EucUd 13. 5.) 
min'^c: db 

For if the ratio of m : n is greater than that of czd^ it is 
manifest that the ratio of a : 6, which is equal to that of m : », 
is also greater than that of c : J. 

N. B. In these instances, the terms which are alike in the 
two proportions are the first two and the last two, and the re- 
sulting proportion is uniformly, direct. But this arrange- 
ment is not essential. The order of the terms may be 
changed, in various ways, without aflfecting the equality of 
the ratios. (Art. 344.) 

The proposition to which these instances of equality be- 
long, is usually cited by the words, "ez^Bjtto," or "w? 
cequali:' (Euclid 22. 5.) 

347. Any number of proportions may be compared, in the 
same manner, if the first two or the last two terms in each 
preceding proportion, are the same with the first two or the 
last two in the following one. 

Thus i( a:b::c:d ^ 



And c:d::h:l 
And h:l::m:n 
And m:n::x:y 



then a:b::x:y. 



Quest. — When two ratios are each equal to a third, jiow are they to 
each other ? How is this proposition cited in geometry ? When may any 
number of proportions be compared in this manner ? 
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That is, the first two terms of the first proportion have the 
same ratio as the last two terms of the last proportion. For 
it is manifest that the ratio of all the couplets is the same. 

348. But if the two means, or the two extremes, in one 
proportion, he the same with the means, or the extremes, in 
another, the four remaining terms will be reciprocally propor^ 
tional. 

\ then a:c::T:;i» ^^^^-^..tf.d. 
And czmiinid^ od 

For abj:^mn > .^^ 33^ v Therefore ah=:cd, and a : c : : cf : ^ 
And cacKfftA > "* 

In this example, the two means in one proportion are like 
those in the other. Bat the principle will be the same, if the 
extremet are alike, or if the extremes in one proportion are 
like the means in the other. 



If j»:a::6:n>,. .. 

^ - , > then a: c:: a: 6. 

And miciidm > 



And m". ci'.din^ 
The proposition in geometry which appliea to this case, is 
usually cited by the words " ex mquo perturbatey (Euc. 23. 5.) 

Case IV. Mdition and Subtraction of equal ratios. 

349. If to or from two analogous or two homologous terms 
of a proportion^ two other quantities having the same ratio 
be added or subtracted^ the proportion will be preserved. 
(Euclid 2. 5.) 



Qu]£8T. — If the two means or two extremes in one proportion be the same 
as the means or extremes in another, how are the remaining terms 7 How 
is this proposition cited in geometry ? When two analogous or homologous 
terms are added to or subtracted from two other quantities having the same 
ratio, how is the proportion ? 
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For a ratio is not altered, by adding to it, or aabtracting 
from it, the terms of another equal ratio. {Art. 312.) 
If a:b::c:dj and a:b::m:nj 
Then by adding to, or subtracting from a and 6, the terms 
of the equal ratio m : n, we have, 

a-\-m:b+n::cidj and a — m:b — n::c:d. 
And by adding and subtracting m and n, to and from c and 
(/, we havei 

a:b::c-\'m:d+ny and aibiic — m:d — n. 
Here the addition and subtraction are to and from analo^ 
gous terms. But by alternation, (Art. 344,) these terms will 
become homologous^ and we shall have, 

a-f-m : c : : b+n : <f, and a — m : c : : b — n : rf. 
Cor. 1. This addition may evidently be extended to any 
number of equal ratios. (Euclid 2. 5. cor.) 



Thus if a :6: 



c :d 
h:l 
m:n 
X :y 

Cor. 2. If aibizcid 
And m:b 



then azb::c+h^m'{^:d^^n+y. 

^'^ I then a+m ib:: c+n : d. (Eu. 24. 5.) 

For by alternation a: c::^:rf >lj( a^ffi:c4.i»::6: J 
And m:n::b:d y c or «4-ffi : 5 : : c-f-n : if . 

350. Hence, if two analogous or homologous terms be add* 
ed to, or subtracted from the two others, ike proportion will be 
preserved. 

Thus, if aibizcid, and 12:4::6:2, then, 

1. Adding the last two terms, to the jirst two. 

a+cib+d:ia:b 12+6: 4-j-2::12:'4 

md a+e:b+d::c:d 12-|-6: 4-f2:: 6:2 

or a+c:a::b+d:b 12+6: 12::4+ 2:4 

anda-i-c:c::*4-rf:J 12+6: 6::44- 2:a» 
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2. Adding the two antecedents to tke two consequents. 
a+b:b::c+d:d 12+4: 4::6-|-2:2 
a+* : a : : c+d 2.c, &c. 12-f4 : 12 : : 6+2 : 6, &c. 
This is called composition. (Euclid 18. 5.) 

3. Subtracting the first two terms from the last two. 
c — a:a::d — bib, or c—aiciid — bid^ fee. 

4. Subtracting the to^ two terms from the firsi two. 
a — c : 6 — d: :a:b, ot a — c : b — d ::c:d, &c. 

5. Subtracting the consequents from the antecedents, 
a-^b :b:: c — rf : rf, or a : a^b:: c:c — d, Sec. 

The alteration expressed hy the last of these forms is 
called conversion. 

6. Subtracting the antecedents from the consequents, 
b — a:a::d — c:Cj or bib—aiidid — c, &c. 

7. Adding and subtracting, a-^b : a — b : : c+rf : c — d. 
That is, the sum of the first two terms, is to their differ- 
ence, as the sum of the last two, to their difference. 

Cor. If any compound quantities, arranged as in the pre- 
ceding examples, are proportional, the simple quantities of 
which they are compounded are proportional also. 

Thus, if a+* :b:: c-j-rf : i, then a:b::c:d. This is called 
division. (Euclid 17. 5.) 

Case V. Compounding Proportions. 

351. If the corresponding terms of two or more ranks of 
proportional quatuities be multiplied together^ the products will 
he proportional. 



Quest.— What if composition ? ConTersion ? Diyision ? If the cor- 
respondi&g terms of two <m- more ranks of proportionals are multiplied to* 
getheri'how will the product be T 
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This process is called compounding: propoffiomr. It is the 
same as compounding ratios. It should be distinguished from 
what is called composition^ which is an addition of the terms 
of a ratio. (Art. 350, 2.) 

If aibwcid 12:4::6:2 

And h:l::m:n * 10:5::8:4 



Then ah: bl:: cm :dn. 120:20 :: 48: 8. 

' For from the nature of proportion, the two ratios in the 
first rank are equal, and also the ratios in the second rank. 
And multiplying the corresponding terms is multiplying the 
ratiosy (Art. 311,) that is, multiplying equals by equals j 
(Ax. 3 ,) so that the ratios will still be equal, and therefore 
the four products must be jMroportionaL 

The same proof is applicable to any number of proportions. 

aibix c :d '^ 

h: 1 11 mm > then ahp : biqx : cmx : dn^. 
piqiixiy] ^ ..— 
From this it is evident that if the terms of a proportion be 
multiplied, each into itself ^ that is, if they be raised to ant^ 
power^ they will- still be proportional. (Art. 308.) 
l{ a:b::c:d 2:4::6:12 

a:b::c:d 2;4::6:12 



If 



Then a^:b^ ::c^:d^. 4: 16:: 36 : 144. 

Proportionals will also be obtained, by reversing this pro- 
cess, that is, by extracting the roots of the terms. 
If a:b::c:df then ^a \y/b : i-yjciy/d* 
For taking the products of the extremes and means, adz=xhc. 
And extracting the root of both sides, , Va5=s V^ 
That is, (Arts. 210.ey, 339,) ^/ai^b : i^ci^d. 

Quest. — What is meant by compounding proportions ? What is the diT- 
ference between compounding proportions and composition ? If several 
quantities are proportional, how are like powers o/ roots of them ? 
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Case VI. Involution and Evolution of Ike terms. 

352. If several quantities are proportional, their like povh 
ers or like roots are proportional. 

If a:b::c:d^ 
Then a* : ^" : :c« : (f», tind y a :y b : :y c ly d. 

HI ffi fi m 

And y a* :y b"" ::y C" :y c/«, that is, a" : b"": : c"~: d\ 
Obser, It must not be inferred from this, that quantities have the same 
ratio as their like powers or like roots. (Art. 308.) 

353. If the terms in one rank of proportionals he divided 
hy the corresponding terms in anplther rank, the quotients 
will he proportional. v , 

This is sometimes caHed the resolution of ratios. 
If a:*b::c:d 12:6^:18:9 

AndA: /::/«: 71 . . 6:2:: 9:3 

Then«:*::£:^ ^''' I?:!::!?:?. 
h I m n 6 2 9 3 

This is merely reversing the process in Art. 351, and may 
he demonstrated in a similar manner. 

N. B. This should be distinguished from what geometers 
call division^ whiclt is a subtraction of the terms of a ratio. 
(Art. 350, 7.) 

354*. When proportions are compounded hy multiplication, 
it will often be the case that the saine factor will be found in 
two analogous or two homologous terms. 
Thus if a:ft ::c:rf 
And mia::n:c 



am: ab:: en: cd. 
Here a is in the first two terms, and c in the last two. Di- 
viding by these, (Art. 345,) the proportion becomes 
m:b:in:d. Hence, ^ 

Quest. — What is meant by the resolution of ratios ? 
19 
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355. In compounding proportions, t^ual factors or divison 
in two analogous or homologous terms, may be rejected. 
ra:b::c:d 12:4::9:3 

\nb:h::d:l 4:8::3:6 

lh:m::l:n 8:20::6:15 



Then a:m::c:n 12:20::9:15 

This rule may be applied to the eases, to which the terms 

"ex cequo'' and " ex aquo perturbate^' refer. (Arts. 346.ii, 348.) 
One of the methods may serve to verify the other. 

356. When four quantities are proportional, if the jir*^ be 
greater than the second^ the third will be greater than the 
fourth ; if equal, equal j if less, less. 

f a=zb^ c=zd 
Suppose a:&::c:Jj then if j «>^ <^>^ 

357. If four quantities are proportional, their rectprocaI$ 
are proportional f and v. v. 

Ifa:6::c:cf, theni:i::i:l. 

abed • 

For in each of these proportions, we have, by reduction, 
adsszbc. 

PROBLEMS IN GEOMETRICAL PROPORTION. 

Prob. 1. Divide the number 49 into two such parts, that 
the greater increased by 6, may be to the less diminished by 
11 as 9 to 2. 



Quest. — In compounding proportions, what may be done with equal fac- 
tors or divisors 1 When fonr quantities are proportional, if the first is 
greater than the second, how is the third ? If equal ? If less ? If four 
quantities are proportional, how are their reciprocals 7 
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Let %■= the greater, and 49— a? = the less. 
By the conditions proposed, a? | 6 : 38 — a? : : 9 : 2 

Adding terms, (Art. 350, 2,) 07+6 : 44 : : 9 : 1 1 

Dividing the consequents, (Art. 345, 8,) x-S^^ : 4 : : 9 : 1 

Multiplying the extremes and means, a?-|-6=36. And a?=30. 

Prob. 2- What number is that, to which if 1, 5 and 13, be 
severally added, the first sum shall be to the second, as the 
second to the third ] 

Prob. 3. Find two numbers, the greater of which shall be 
to the less, as their sum to 42 ; and as their difierence to 6. 
' Prob. 4. Divide the number 18 into two such parts, that 
the squares of those parts may be in the ratio of 25 to 16. 

Prob. 5. Divide the number 14 into two such parts, that 
the quotient of the greater divided by the less, shall be to the 
quotient of the less divided by the greater as 16 to 9. 

Prob. 6. If the number 20 be divided into two parts, which 
are to ^ch other in the duplicate ratio of 3 to 1, what num- 
ber is a mean proportional between those parts 1 

Prob. 7. There are two numbers whose product is 24, and 
the diflerence of their cubes, is to the cube of their difference 
as 19 to 1. What are the numbers % 

Prob. 8. There are two numbers in the proportion of 5 : 6 ; 
the first being increased by 4 and the last by 6, the propor- 
tion will be as 4:5. What are the numbers 1 

Prob. 9. A farmer has a quantity of corn in his granary, 
and sells a certain number of bushels, which is to the number 
of bushels remaining as 4:5. He then feeds out 10 bushels, 
which is to the number sold as 1 : 2. How many bushels had 
he at first, and how many did he sell % 

Prob. 10. There are two numbers whose product is 135, 
and the diflTerence of their squares, is to the square of their 
difference as 4 to 1. What are the numbers? 
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Prob. 11. What two numbers are those, whose differenGe, 
sum, and product, are as the numbers 2, 3 and 5, respec- 
tively 1 

Prob. 12. Divide the number 24 into two such parts, that 
their product shall be to the sum of their squares as 3 to 10. 

Prob. 13. In a mixture of rum and brandy, the difference 
between the quantities of each, is to the quantity of brandy 
as 100 is to the number of gallons of rum ; and the same 
difference is to the quantity of rum, as 4 to the number 
of gallons of brandy. How many gallons are there of 
eachl 

Prob. 14. .There are two numbers which are to each other 
as 3 to 2. If 6 be added to the greater and subtracted from 
the less, the sum and remainder will be to each other as 3 
to 1. What are the numbers ] 

Prob. 15. There are two numbers whose product is 320; 
and the difference of their cubes, is to the cube of their dif- 
ference as 61 to 1. What are the numbers 1 ''^ 

Prob. 16. There are two numbers, which are to each other, 
in the duplicate ratio of 4 to 3; and 24 is a mean propor* 
tional between them. What are the numbers 1 

CONTINUED GEOMETRICAL PROPORTION OR 
PROGRESSION. 

358. When all the ratios of a series of propqrtionals are 
equal, the quantities are said to be in continued proporiion or 
progression. (Art. 322.) ♦ 

As arithmetical proportion continued is arithmetical pro- 
gression, so geometrical proportion continued is geometrical 
progression. It is sometimes called progression by quotient. 



Quest. — What is continued geometrical proportion 7 Wliat else is it 
called? 
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The numbers 64, 32, 16, 8, 4, are in continued geometrical 
proportion. (Art. 322.) 

In this series, if each preceding term be divided by the 
common ratio, the quotient will be the following term. Thus, 
V=32, and V=16, and ^=8, andf=4.. . 
If the order of the series be inverted^ the proportion will 
still be preserved, (Art. 344 ,) and the common divisor will 
become a multiplier. In the series 4, 8, 16, 32, 64, &c 
4 X 2=8, and 8 x 2= 16, and 16 x 2=32, &c. 

359. Quantities then are in geometrical progression^ when 
they increase by a common multiplier^ or decrease by a common 
divisor. 

This common multiplier or divisor is called the ratio. For 
most purposes, however, it will be more sinriple to consider 
the ratio as always a multiplier^ either integral or fractional. 

In the series 64, 32, 16, 8, 4, the ratio is either 2 considered 
as a divisor, or \ considered as a multiplier. 

360. When several quantities are in continued proportion, 
the number of couplets^ and of course the number of ratios^ is 
one less than the number of quantities. Thus the five pro- 
portional quantities a, 6, c, df, e, form four couplets containing 
four ratios ; and the ratio of a : e is equal to th^ ratio of a*: 6*, 
that is, the ratio of the fourth power of the first quantity, to 
the fourth power of the second. Hence, 

361. \{ three quantities are proportional, the first is to the 
thirds as the square of the first to the square of the second ; or 
as the square of the second^ to the square of the third. In 
other words, the first has to the third, a duplicate ratio of the 
■first to the second. And conversely, if the first of the three 

Quest. — When are quantities said to i>e in geometrical progression ? 
What is the common multiplier or divisor called 7 In a series of continued 
proportion, how many couplets and ratios are there ? When there are 
three proportionals what ratio has the first to the third ? 
19» 
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quantities is to the third, as the square of the first to the 
square of the second, the three quantities are proportional. 
If a:6::^:c, then a:c: za^:^. And universally, 

362. If several quantities are in continued proportion, the 
ratio of the Jirsi to the last is equal to one of the intervening 
ratios raised to a power whose index is one less than the 
number of quantities. 

If there are four proportionals a, bj c, d^ then a:d::a^:b^ 
If there are/t;« <», by c, rf, e / a:e::a*:M, &c. 

363. If several quantities are in continued proportion, they 
will be proportional when the order of the whole is inverted. 
This has already been proved with respect to four propor- 
tional quantities. (Art. 344, cor.) It may be extended to 
ai\^ number of quantities. 

Between the numbers, 64, 32, 16, 8, 4, 

The ratios are, 2, 2, 2, 2, 

Between the same inverted, 4, 8, 16, 32, 64, 

The ratios are, i, i, i, i* 

So if the order of any proportional quantities be inverted, 
the ratios in one series will be the reciprocals of those in the 
other. For by the inversion each antecedent becomes a con- 
sequent, and V, V. but the ratio of a consequent to its ante- 
cedent is the 'leciprocal of the ratio of the antecedent to the 
consequent. (Art. 305.) That the reciprocals of equal quan- 
tities ore themselves equal, is evident from Ax. 4. 

364. To investigate the properties of geometrical progres- 
sion, we may take nearly the same course, as in arithmetical 
progression, observing to substitute continual tntdiiplicaiion 
and division, instead of addition and subtraction. It is evi- 
dent, in the first place, that. 

Quest. — When several quantities are in continued proportion, what 
ratio has the first to the last ? If the series is inverted, what effect has 
it ? How are the ratios in one series, compared with those of another^ 
when the order is inverted 7 
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365. In an ascendiag geometrical series, each succeeding 
term is found, by multiplying the ratio into the preceding 
term. 

If the first term is a, and the ratio r, 
Then axr=ar^ the second term, arxr=sar\ the third, 
ar^ xr=izar^, the fourth, ar^ x r=^arS the fifth, &c. 
And the series is a, ar, ar\ ar^^ or*, ar^, &c. 

366. If the first term and the ro/io are the same^ the pro- 
gression is simply a series of powers. 

If the first term and ratio are each equal to r. 
Then rxr=r'^y the second term, r^Xr=r^y the third, 
r3 X r=^r\ the fourth, r* X r=r\ the fifth. 

And the series is r, r^, r^, r*, r*, r^, &c. 

367. In a descending series, each succeeding term is found 
by dividing the preceding term by the ratio, or mtUtiplying 
by the fractional ratio. 

If the first term is ar^t and the ratio r, 

The second term is — , or ar^x^=ar^y , 
r 

And the series is ar^, ar^j ar*, ar^, ar^^ ar^ a, &c. 

If the first term is a, and the ratio r. 

The series is a, ?, ^ ^ &c., or a, ar-\ ar"^^ &c. 

Ut ad M 4th 5tb 8th 

368. By attending to the series a, ar, ar\ ar\ ar^y ar'^y 
&c., it will be seen that, in each term, the exponent of the 
power of the ratio, is one less than the number of the term. 

If then (1= the first term, r= the ratio, 

z=i the last, n= the number of terms j 

we have the equation z=ar*'\ the last term, that is, 



Quest. — ^la an ascending geometrical series how is each succeeding 
term foand f When the first term and ratios are the same, what is the 
progression ? How is each term found in a desetnding series ? 
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369. In geometrical progression, tht last term is equal to 
ths product of the first inio thai power of the ratio whose index 
is one less than the number of terms* 

When the least term and the ratio are the same^ the equa- 
tion becomes z=^Tr*-^=r\ (Art 366.) 

370. Of the four quantities a, z, r and n, any three being 
given, the other may be found. 

X. By the last article, 

z==ar*~^= the last term. 

2. Dividing by r*"*, 

— f_.=a= the^r** term. 

3. Dividing the 1st by a, and extracting the root, 



[T'- 



= the ratio. 



371. By the last equation may be found any number of 
geometrical means, between two given numbers. If m= the 
number of means, m-\-2=n, the whole number of terms. 
Substituting m-\-2j for n, in the equation, we have 



(;]■*'= 



r, the ratio. 



When the ratio is found, the means are obtained by con- 
tinued multiplication. 

Prob. 1. Find two geometrical means between 4 and 256. 
Ans. The ratio is 4, and the series is 4, 16, 54,256. (Art 371.) 

Prob. 2. Find three geometrical means between ^ and 9. 

372. The next thing to be attended to, is the rule for find- 
ing the sum of all the terms. 



QiTEST. — What ifl the last term equal to ? What is the first tenn eqoal 
to? How find the ratio? 
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If any term, in a geometrical series, be multiplied by the 
ratio, the product will be the succeeding term. (Art. 365.) 
Of course, if each of the terms be multiplied by the ratio, a 
new series will be produced, in which all the terms except 
the last will be the same, as all except the first in the other 
series. To make this plain, let the new series be written un- 
der the other, in such a manner, that each term shall be re- 
moved one step to the right of that from which it is pro- 
duced in the line above. 

Take, for instance, the series, 2, 4, 8, 16, 32 

Multiplying each term by the ratio, 4, 8, 16, 32, 64. 

Here it will be seen at once, that the last four terms in the 
upper line are the same as the first four in the lower line. 
The only terms which are not in hothf are the ^r«/ of the one 
series, and the last of the other. So that when we subtract 
the one series from the other, all the terms except these two 
will disappear, by balancing each other. 

If the given series is, o, ar, ar^, ar^^ .... ar"-^. 
Then mult, by r, we have ar, ar^y ar^^ .... ar^-^, ar^. 

Now let s=s the sum of the terms. 

Then, ^—a-j-or-far^-far', .... 4ar»-i, 

And mult, by r, rs=z or-f-or^-f-ar', .... -|-flr»-^-f-ar*. 

Subt. the first equation from the second, rs — s=ar^ — a 

And dividing by (r— 1,) (Art. 98,) ^^«r^— a^ 

r — 1 

In this equation, ar^ is the last term in the new series, and 
is therefore the product of the ratio into the last term in the 
given series. 

Therefore, Ss= /^ ^ , that is, 
r— 1 
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373. To find the sum of a geometrical series. 
Multiply the last term into the ratio, from ihe product subtract 

the first term, and divide the remainder by the ratio less one, 

Ohttr, From the above formula, in connexion with the one in Art. 368, 
there may be the same variety of other formulas deduced as in Art. 333.- 
The others, however, involve principles with which, it is presumed, the 
pupil is not yet acquainted. 

Prob 3. If in a series of numbers in geometrical progres- 
sion, the first term is 6, the last term 1158, and the ratio 3, 
what is the sum of all the terms 1 

An.. ,=!I=:?=i2ili^±=?=2184. 
r— 1 3—1 

Prob. 4. If the first term of a decreasing geometrical se- 
ries is ^, the ratio \, and the number of terms 5, what is tba. 
sum of the series 1 

Prob. 5. What is the sum of the series, 1, 3, 9, 27, ^c, to 
12 terms 1 

Prob. 6. What is the sum of ten terms of the series 1, ^, 

Prob. 7. If the first term of a series is 2, the ratio 2, and 
the number of terms 13, what is the last term 1 • 

Prob. 8. What is the 12th term of a series, the first term 
of which is 3, and the ratio 3 1 

Prob. 9. A man bought a horse, agreeing to give 1 cent 
for the first nail in his shoes, three for the second, and so 
on. The shoes contained 32 nails; what was the cost of the 
horse 1 

374. Quantities in geometrical progression are proportional 
to their differences. 



Quest. — How is the sum of a geometrical series found ? If quantities 
are in geometrical progression, how are they to their differences 7 How 
are their differences to each other 7 
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Let the series be a, ar, ar% ar\ ar^, &;c. 

By the nature of geometrical progression, 

a:ar::ar:ar^:: ar^ :ar^::ar^: ar*, &c. 

In each couplet let the antecedent be subtracted from the 
consequent, according to Art. 350, 6. 

Then aiar: : ar — a : ar^ — ar : : ar^ — ar : ar^ — ar^, &;c. 

That is, the first term is to the second, as the difference 
between the first and second, to the difference between the 
second and third ; and as the difference between the second 
and third, to the difference between the third and fourth, &c. 

Cor. If quantities are in geometrical progression, their 
differences are also in geometrical progression. 

Thus the numbers 3, 9, 27, 81, 243, &c. 

And their differences 6, 18, 54, 162, &c., are in 
geometrical progression. 

375. Problems in geometrical progression may be solved, 
as in other parts of algebra, by means of equations. 

Piob. 10. Find three numbers in geometrical progression, 
such thai their sum shall be 14, and the sum of their 
squares 84. 

Let the three numbers be a?, y and z. 
By the conditions, x:y::y:z, ot xz=y^ 

And x-\-y+zz=14t 

And a?24-y2+«2-_g4, 

Ans. 2, 4 and 8. 

Prob. 11. There are three numbers in geometrical progres- 
sion whose product is 64, and the sum of their cubes is 584. 
What are the numbers 1 

Prob. 12. There are three numbers in geometrical progres- 
sion : the sum of the first and last is 52, and the square of 
the mean is 100. What are the numbers 1 
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Prob. 13. Of four numbers in geometrical progression, 
tbe sum of the first two is 15, and the sum of the last two 
is 60. What are the numbers 1 

Prob. 14. A gentleman divided 210 dollars among three 
servants, in such a manner that their portions were in geo- 
metrical progression ; and the first had 90 dollars more than 
the last. How much had each 1 

Prob. 15. There are three numbers in geometrical pro- 
gression, the greatest of which exceeds the least by 15 ; and 
the difference of the squares of the greatest and the least, 
is to the sum of the squares of all the three numbers as 5 to 
7. What are the numbers 1 

Prob. 16. There are four numbers in geometrical progres- 
sion, the second of which is less than the fourth by 24; and 
the sum of the extremes is to the sum of the means as 7 to 
3. What are the numbers ? 



SECTION XV. 

EVOLUTION OF COMPOUNP QUANTITIES. 

376. Rule. — I. Arrange the terns according to the powers 
of one of the letters^ so thai the highest power shall stand first ^ 
the next highest next, Sec. 

II. Take the root of the first term^ for the first term of the 
required root, 

III. Subtract the power from the given quantity^ and divide 
the first term of the remainder by the first term of the root in^ 



QxTEST. — ^How should the terms be arranged to extract the root of a com^ 
pound quantity 7 What are the other steps ? 
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rolved io the next inferior power and multiplied by the index 
of the given power ;* the quotient will be the next term of the 
root. 

IV. Subtract the power of the terms already found from the 
given quantity, and using the same divisor , proceed as before. 

PflooF. This rule verifies itself. For the root, whenever a 
new term is added to it, is involved, for the purpose of sub- 
Vracting its power from the given quantity : and when the 
power is equal to this* quantity, it is evident the true root is 
found. 

1. Extract the cube root of 
a6+3a5_3a4— 1 Ifl3_|.6a2-fl2a— 8(a2-[-a— 2. 
a^, the first subtrahend. 



3a*)* 3a^, &c., the first remainder. 

a6-|_3a5+3a*4-a', the 2d subtrahend. 
3^4) ♦ * — 6a*, &c., the 2d remainder. 

o6-f3a5— 3a*— lla'+6a2^12a—8. 

2. Find the 4th root of a*-|-8a'-f 24.a»-|-32a-f-16. 

3. Find the 5th root of o^+da^b+lOa^b^+lOaH^^bab* 
+b\ 

4. Find the cube root of a»— 6a2ft^i2a5'— 85». 

5. Find the 2d root of A,a^—12ab + Qfta+lGaA— 24M 
+16A2. 

N. 6. In finding the divisor in the 5th example, the term 
2a in the root is not involved, because the power next below 
the square is the first power. 



* By the given power Is meant a power of the same name with the re* 
quired root. As powers and roots are correlative terms, any quantity is 
the square of its square root, the cube of its cube root, &c. 
20 
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377. The square root may be extracted by the following 
RuLB. I. Arrange the termft of the given quantity according 
to the powers of one of the letters ^ take the root of the first termy 
for the first term of the required rooty and subtract the power 
from the given quantity, 

II. Bring down two other terms for a dividend. Divide by 
double the root already founds and add the quotient both to the 
rooty and to the divisor. Multiply the divisor thus increased^ 
into the term last jdaced in the rooty and subtract the product 
from the dividend. 

III. Bringdown two or three additional terms and proceed as 
before. 

Pboof. Multiply the root into itself y and if the product is 
equal to the given quantity y the work is right 
6. What is the square root of 

a^+^b+b^-\-2ac+2bc4-c^{a+b-{.c 

a^y the first subtrahend. 

Into b=: 2<7^-f-62, the second subtrahend. 
2a+2ft-|-c) * * 2ac-f2Z>c-|-c2 

Into c== 2ac-f 25c-|-c2, the third subtrahend. 

Proof. The square of the root a-j-ft-j-c, is equal to the 
given quantity. 

For (a+6)a=a24.2a*+ia=aa+(2a4^)x*. (Art. 97.) 

And substituting A=(r4-i,the square h^=za^~^(p,a-\^b)xb. 

And (a-f*-fc)2=:(A+c)2=A2+(2A+c)xc j 
that is, restoring the values of h and A^, 

(a^6-|-c)2=o2^2a-|-i) X 6+(2a+26+c) X c. 

In the same manner, it may be proved, that, if another 
term be added to the root, the power will be increased, by 
the product of that term into itself, and into twice -the sum 
of the preceding terms. 

Quest. — ^Whatis the role for extracting the square root ? 
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The demonstration will be substantially the same, if some 
of the terms be negative. 

7. Find the square root of 1— 46-f4i^-|-2y— 45y-}-y2. 

8. Find the square root of a^ — 2a^-\-3a^ — Sa'-f-a^, 

9. Find the square root of a^^4fa^b-\-Atb^ — i-tf^— 8^-|-4. 
378. It will frequently facilitate the extraction of roots, to 

consider the index as composed of two or more factors. 

Thus a^=a^^i And a^=a^^i. That is, 

The fourth root is equal to the square root of the square 
root; 

The sixth root is equal to the square root of the cube root ; 

The eighth root is equal to the square root of the fourth 
root, &c. 

To find the sixth root, therefore, we may first extract the 
cube root, and then the square root of this. 

10. Find the square root of a?*— 4a?'+6a:2— 4a?-[-l. 

11. Find the cube root of a?«— 6a?«+15a?*— 20a?'+15a?2 
— 6a?4-l. 

12. Find the square root of 4a?* — 4a:'-[-13a?^ — 6x+9. 

13. Find the 4th root of 16a^—96a^x+216a^x^^216aai^ 
+810?*. 

14. Find the 5th root of a?5+5a?* + 10j?3-|-10«2+5a.-^.l. 

15. Find the 6th root of a^ — 6a^b+15a^b^ —ZOa^b^ 



Quest. — How may the extraction of roots be facilitated ? What is the 
fourth root equal to ? The sixth 7 The eighth ? How then may we find 
the sixth root ? 
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SECTION XVI. 

APPLICATION OF ALGEBRA TO GEOMETRY.* 

Art. 379. It is often expedient to make use of the alge- 
braic notation, for expressing the relations of geometrical 
quantities, and to throw the several steps of a demonstration 
into the form of equations. By this, the nature of the rea- 
Boning is not altered. It is only translated into, a different 
language. Signs are substituted for words, but they are in- 
tended to convey the same meaning. A great part of the 
demonstrations in geometry really consist of a series of 
equations, though they may not be presented to us under the 
algebraic forms. Thus the proposition, that the sum of the 
three angles of a triangle is equal to 
two right angles, (Euc. 32. 1,) may 
be demonstrated, either in common 
language, or by means of the signs 
used in algebra. 

Let the side AB, of the triangle 
ABC, (Fig. 1,) be continued to D ; 
let the line BE be parallel to AC ; 
and let GHI be a right angle. 

The demonstration, in words, is as follows : 

1. The angle EBD is equal to the angle BAC, (Euc. 29. 1.) 

2. The angle CBE is equal to the angle ACB. 

3. Therefore, the angle EBD added to CBE, that is, the 

angle CBD, is equal to BAC added to ACB. 

4. If to these equals, we add the angle ABC, the angle CBD 

added to ABC, is equal to BAC added to ACB and ABC. 

* This section is to be read after the Elements of Geometry. 
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5. But CBD added to ABC, is equal to twice GHI, that is, 

to two right angles. (Euc. 13. 1.) 

6. Therefore, the angles BAO, and ACB, and ABC, are 

together equal to twice GHI, or two right angles. 
Now by substituting the sign -f, for the word added^ or and^ 
and the sign =, for the word equaly we shall have the same 
demonstration in the following form. 

1. By Euclid 29. 1. EBD=BAC 

2. And CBE=ACB 

3. Add the two equations EBD+CBE=BAC-|-ACB 

4. Add ABC to both sides CBD-[-ABC=BAC-fACB-|-ABC 

5. But by Euclid 13. 1. CBD-}-ABC=:2GHI 

6. Make the 4th and 5th equal BAC+ACB+ABC=2GHI. 

By comparing, one by one, the steps of these two demon- 
strations, it will be seen that they are precisely the same, 
except that they are diflTerently expressed. 

380. It will be observed that the notation in the example 
just given, differs, in one respect, from that which is gene- 
rally used in algebra. Each quantity is represented, not by 
a single letter^ but by several. In common algebra when one 
letter stands immediately before another as ab^ without any 
character between them, they are to be considered as multU 
plied together. 

But in geometry, AB is an expression for a single Jin*"^ and 
not for the product of A into B. Multiplication is denoted, 
either by a point or by the sign X . The product of AB into 
CD, is AB. CD, or ABxCD. 

381. There is no impropriety, however, in representing a 
geometrical quantity by a single letter. We may make b 
stand for a line or an angle, as well as ifor a number. 

20* 
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If, in the example above, we put the angle 
EBD=a, ACB=J, ABC=:A, 

BAC=&, CBD=g, GHI=/, 

CBE=c, 
the demonstration will stand thas: 

1. By Euclid 29. 1, a=zb 

2. And c=J 

3. Adding the two equations, a-|-c=^=5-f c{ 

4. Adding A to both sides, g-j-Ass^-f-J-j-A 

5. By Euclid, 13. 1, g+A=:2/ 

6. Making the 4th and 5th equal, i-f ^4.^=2/. 

This notation is apparently more simple than the other ; 
but it deprives us of what is of great importance in geo^ 
metrical demonstrations, a continual and easy reference to 
the figure. To distinguish the two methods, capitals are 
generally used for that which is peculiar to geometry ; and 
small letters^ for that which is properly algebraic. 

382. If a line whose length is meas- Fi^. 2. 
ured from a given point or line, be 
considered posiiive ; a line proceed- 
ing in the opposite direction must be 
considered negative. If AB (Fig. 2,) 
reckoned from DE on the right^ is 
positive; AC on the left is nega- 
tive. 

Hence, if, in the course of a calculation, the algebraic value 
of a line is found to be negaHve ; it must be measured in a 
direction opposite to that which, in the same process, has 
been considered positive. (Art. 162.a.) 

383. In algebraic calculations, there is frequent occasion 
for muUiplicaHon^ division^ imvoluiianf 6ce. But how, it may 
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be asked, can geometrical quantities be multiplied into each 
other \ One of the factors, in multiplication, is always to 
be considered as a number. The operation consists in re- 
peating the multiplicand as many times as there are units in 
the multiplier. How then can a lini^ a 'surface^ or a solid^ 
become a multiplier 1 

To explhin this it will be necessary to observe, that when- 
ever one geometrical quantity is multiplied into another, some 
particular extent is to be considered the unit. It is immate- 
rial what this extent is, provided it remains the same in dif- 
ferent parts of the same calculation. It may be an inch, a 
foot, a rod, or a mile. If, for instance, one of the lines be a 
foot long, and the other half a foot ; the factors will be, one 
12 inches, and the other 6, and the product will be 72 inches. 
Though it would be absurd to say that one line is to be re- 
peated as often as another is long ; yet there is no impro- 
priety in saying, that one is to be repeated as many times as 
there are feet or rods in the other. This, the nature of a 
calculation often requires. 

384. If the line which is to be the multiplier, is only a part 
of the length taken for the unit, the product is a like part of 
the multiplicand. (Art. 71.) Thus, if one of the factors is 
6 inches, ^nd the other half an inch, the product is 3 inches. 

385. Instead of referring to the measures in common use, 
as inches, feet, &c., it is often convenient to dx upon one of 
the lines in a figure, as the unit with which to compare all 
the others. When there are a number of lines drawn within 
and about a circle^ the radius is commonly taken for the unit. 
This i« particularly the case in trigonometrical calculations. 

386. The observations which have been made concerning 
lines, may be applied to surfaces and solils. There may be 
occasion to multiply the area of a figure by the number ot 
inches in some given line. 
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But here another difficulty presents itself. The product 
of two lines is often spoken of as being equal to a surface ; 
and the product of a line and a surface, as equal to a solid. 
But if a line has no breadthy how can the multiplication, that 
'is, the repetition^ of a line produce a surface 1 And if a sur- 
face has no thickness, how can a repetition of it produce a 
solid 1 

3S7. In answering these inquiries it must be admitted, that 
measures of length do not belong to the same class of mag- 
nitudes with superficial or solid measures ; and that none of 
the steps of a calculation can, properly speaking, transform 
the one into the other. But, though a line cannot become a 
surface or a solid, yet the several measuring units in com- 
mon use are so adapted to each other, that squares, cubes, 
&c., are bounded by lines of the same name. Thus the side 
of a square inch is a linear inch ; that of a square rod, a 
linear rod, 6cc, The length of a linear inch is, therefore, the 
same as the length or breadth of a square inch. 

If then several square inches are Fig. 3. 

placed together, as from Q to R, 
(Fig. 3,) the number of them in the 
parallelogram OR is the same as the 
number of linear inches in the side 
QR : and if we know the length of 
this, we have of course the area of 
the parallelogram, which is here 
supposed to be one inch wide. 

But, if the breadth is several inches, the larger parallelo- 
gram contains as many smaller ones, each an inch wide, as 
there are inches in the whole breadth. Thus, if the paral- 
lelogram AC, (Fig. 3,) is 5 inches long and 3 inches broad, it 
may be divided into three such parallelograms as OR. To 
obtain, then, the number of squares in the large paraUelo- 
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gram, we have only to multiply the numher of squares in one 
of the small parallelograms, into the numher of such paral- 
lelograms contained in the whole figure. But the numher of 
square inches in one of the small parallelograms is equal to 
the number of linear inches in the length AB. And the num- 
ber of small parallelograms is equal to the number of linear 
inches in the breadth BC. It is therefore said concisely, that 
the area of a parallelogram is equal to its length mtdtiplied 
into its breadth, 

388. We hence obtain a convenient algebraic expression^ 
for the area of a right-angled parallelogram. If two of the 
sides perpendicular to each other are AB and BC, the expres- 
sion for the area is AB X BC ; that is, putting a for the area, 

a==ABxBC. 
It must be remarked, however, that when AB stands for 
% liney it contains only linear measuring units ; but when it 
enters into the expression for the area, it is supposed to con- 
tain superficial units of the same name. 

389. The expression for the area Fig. 4 

may also be derived by another me- 
thod more simple, but less satisfac- 
tory perhaps to some. Let a (Fig. 
4,) represent a square inch, foot; rod, 
or other measuring unit; and let b 
and / be two of its sides. Also, let 
A be the area of any right-angled • J 

parallelogram, B its breadth, and L its length. Then it is 
evident, that, if the breadth of each were the same, the areas 
would be as the lengths ; and, if the length of each were the 
same, the areas would be as the breadths. 

That is, A : a : : L : /, when the breadth is given ; 
And A:a::B:by when the length is given ; 

Therefore, AiaiiExLibxl, when both vary. 
That is, the area is as the product o£ the length BXiA breadth. 



Digitized by VjOOQIC 



A B 

1 ' 



238 



AL6EBBA. 



[Sect- XVL 



390. Hence, ia quoting the elements of geometry, the teiin 
product is frequently substituted for rectangle. And wfaat- 
erer is there proved concerning the equality of certain rect- 
angles, may be applied to the product of the lines which con- 
tain the rectangles. (Legendre 166.) 

391. The area of an oblique parallelogram is also obtained 
by multiplying the base into the perpendicular height. Thus 
the expression for the area of the parallelogram ABNM(Fig. 
5,) is MNxAD,or ABxBC. For by Art. 388, ABxBC is 
the area of the right angled parallelogram ABCD ; and by 
Euclid 36. 1, parallelograms upon equal bases, and between 
the same parallels, are equal ; that is, ABCD is equal to 
ABNM. 




Fig. 6. 



392. The area of a square is obtained by multiplying one 
of the sides into itself. Thus the expression for the area of 
the square AC, (Fig.' 6,) is (AB)2, that is, a=:(AB)a. 

For the area is equal to AB xBC. (Art. 388.) 

But AB=BC, therefore, AB xBC=AB x AB=(AB)2. 

393. The area of a triangle is equal to half the product of 
the base and height. Thus th« area of the triangle ABG, 
(Fig. 7,) is equal to half AB into GH or its equal BC, that is, 

fl=4ABxBC. 
For the area of the parallelogram ABCD is ABxBC. 
(Art. 388.) And by Euclid 41. 1, if a parallelogram and a 
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triangle are upon the same base, and between the same paral- 
lels, the triangle is half the parallelogram. (Leg. 168.) 

394. Hence, an algebraic expression may be obtained for 
the area of any figure whatever, which is bounded by right 
lines. For every such figure may be divided into triangles. 



Fig. 8. 





Thus the right-lined figure, ABODE (Fig. 8,) is composed 
of the triangles ABC, ACE and ECD. 

The area of the triangle ABCziz^AC xBL, 

That of the triangle ACEz=|aC x EH, 

That of the triangle ECD=pC x DG. 

The area of the whoje figure is, therefore, equal to 
(^AC X BL)+(|AC X EH)+(iEC x DG). 

395. The expression for the superficies has here been de- 
rived from that of a line or lines. It is frequently necessary 
to reverse this order \ to find a side of a figure, from knowing 
its area. 

If the number of square inches in the parallelogram ABCD 
(Fig. 3,) whose breadth BC is 3 inches, be divided by 3, 
the quotient will be a parallelogram, ABEF, one inch wide, 
and of the same length with the larger one. But the length 
of the small parallelogram is the length of its side AB. The 
number of square inches in one is the same as the number 
of linear inches in the other. (Art. 387.) If, therefore, the 
area of the large parallelogram be represented by a, the 
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side AB= -^t^^ that is, the length of a parallelogram is found 

by dividing the area by the breadth. 

If a be put for the area of a square whose side is AB, 
. Then by Art. 392, «=(AB)2, 

And extracting both sides •/ a=AB. 

That is, the side of the square is found^ by eoctracting the 
square toot of the number of measuring units in its area. 

396. If A6 be the base of a triangle and BC its perpen- 
dicular height ; 

Then by Art. 393, a=^BC x AB 

And dividing by JBC, -j|-=AB. 

That is, the base of a triangle isfound^ by dividing the area 
by half the height. 

397. As a surface is expressed by the product of its length 
and breadth ; the contents of a solid may be expressed by 
the product of its length, breadth and depth. It is necessary 
to bear in mind, that the measuring unit of solids is a cube / 
and that the side of a cubic inch is a square inch ; the side 
of a cubic foot, a square foot, &c. 

Let ABCD (Fig. 3,) represent the base of a parallelepiped, 
five inches long, three inches broad, and one inch deep. It 
is evident there must be as many cubic inches in the solid, 
as there are square inches in its base. And, as the product 
of the lines AB and BC gives the area of this base, it gives, 
of course, the contents of the solid. But suppose that the 
depth of the parallelepiped, instead of being one inch, is four 
inches. Its contents must be four times as great. If, then, 
the length be AB, the breadth BC, nfid the depth CO, the 
expression for the solid contents will be, ABxBCxCO. 

398. By means of the algebraic notation, a geometrical 
demonstration may often be rendered much mere simple and 
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concise, than in ordinary language. The proposition, (Euc 
4. 2,) that when a straight line is divided into two parts, the 
square of the whole line is equal to the squares of the two 
parts, together with twice the product of the parts, is demon- 
strated, by involving a binomial. 

Let the side of a square be represented by s ; 

And let it be divided into two parts, a and b. 

By the supposition, s=a-['b 

And squaring both sides, s^=za^+2ab+b^. 

That is, s^ the square of the whole line, is equal to a^ and 
52, the squares of the two parts, together with 2a*, twice the 
product of the parts. 

399. The algebraic notation may also be applied, with great 
advantage, to the solution of geometrical problems. In doing 
this, it will be necessary, in the first place, to raise an alge- 
braic equation from the geometrical relations of the quanti- 
ties given and required ; and then by the usual reductions, 
to find the value of the unknown Fig*^ 9. C 

quantity in this equation. 

Prob.l. Given the base^ and the 
sum of the hypothenuse and per- 
pendicular, of the right angled 
triangle ABC, (Fig. 9,) to find the 
perpendicular. 

Let the base AB=b 

The perpendicular BC=a? 

The sum of hyp. and perp. x-\-AC=a 
Then transposing a?, AC=za—x 

. 1. By Euclid 47. 1, (BC)2+(AB)2=(AC)2 

2. That is, by the notation, x^+b^=:(a-xy=a^-'2ax-\^x^. 




a^-b^_ 
21 



And, 0?= — _ =BC, the side required. Heneei 
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* In a right angled triangle^ the perpendicular is equal to 
the square of the sum of the hypothenuse and perpendicular ^ 
diminished by the square of the base^ and divided by twice the 
sum of the hypothenuse and perpendicular.^ 

It is applied to particular cases by^ substituting numbers for 

the letters a and b. Thus if the base is 8 feet, and the sum 

of the hypothenuse and perpendicular 16, the expression 

a^—b2 162—82 ^ . ,. , J ,, . 

^^ecomc8-;r — 1^=^> *"® perpendicular; and this 

2a ^ X lo 

subtracted from 16, the sum of the hypothenuse and perpen- 
dicular, leaves 10, the length of the hypothenuse. 

Prob. 2. Given the base and the difference of the hypothe- 
nuse and perpendicular of a right angled triangle, to find the 
perpendicular. 

Fig. 10. Fig. 11. 

D C 





Let the base (Fig. 10,) AB=b=20 

The perpendicular BC=?a? 

The given difference of AC and BC =rf=10. 



Then will the hypothenuse 

1. Then by Euclid 47. 1, 

2. That is, by the notation, 

3. Expanding {x+d)^y 

4. Therefore 



AC=x-{-d. 
(AC)2=(AB)2+(BC)a 

x^+2dx-\-d^=zb^^x^ 
b^—d^ 



2d 



-=15. 



Prob. 3. If the hypothenuse of a right angled triangle is 
30 feet, and the difference of the other two sides 6 feet, what 
is the length of the base 1 
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Prob. 4. If the h3rpotheDuse of a right angled triangle is 
50 rods, and the base is to the perpendicular as 4 to 3, what 
is the length of the perpendicular 1 

Prob. 5. Having the. perimeter and the diagonal of a paral- 
lelogram ABCD, (Fig. 11,) to find the sides. 

Let the diagonal AC=A=iO 

The side AB=a? 

Half the perimeter BC+AB=BC4-x=&==14 

Then by transposing a?, BC=6 — x, 

Prob. 6. The area of a right angled triangle ABC (Fig, 
12,) being given, and the sides of a parallelogram inscribed 
in it, to find the side BC. 

Fig. 12- _ Fig. 13. 





Prob. 7. The three sides of a right angled triangle, ABC, 
(Fig. 13,) being given, to find the segments made by a per- 
pendicular, drawn from the right angle to the hypothenuse. 

The perpendicular will divide the original triangle into 
two right angled triangles, BCD and ABD. (Euc. 8. 6.) 

Prob. 8. Having the area of a 
parallelogram DEFG (Fig. 14,) in- 
scribed in a given triangle ABC, 
to find the sides of the parallelo- 
gram. 

Draw CI perpendicular to AB. 
By supposition, DG is parallel to 
AB. 
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Prob. 9. Throngh a given point, 
in a given circle, so to draw a 
right line, that its parts, between 
the point and the periphery, shall 
have a given difference. 

In the circle AQBR, (Fig. 15,) 
let P be a given point, in the dia- 
meter AB. 



Fig. 15. 




Prob. 10. If the sum of two of the sides of a triangle be 
1155, the length of a perpendicular drawn from the angle 
included between these to the third side be 300, and the dif- 
ference of the segments made by the perpendicular, be 495 1 
what are the lengths of the three sides 1 

Prob. 11. If the perimeter of a right angled triangle be 
720, and the perpendicular falling from the right angle 
on the hypothenuse be 144 ; what are the lengths of the 
sides % 

Prob. 12. The difference between the diagonal of a square 
and one of its sides being given, to find the length of the 
sides. 

Prob. 13. The base and perpendicular height of any plane 
triangle being given, to find the side of a square inscribed in 
the triangle, and standing on the base, in the same manner 
as the parallelogram DEFG, on the base AB (Fig. 14.) 

Prob. 14. Two sides of a triangle, and a line bisecting the 
included angle being given ; to find the length of the base 
or third side, upon which the bisecting line falls. 

Prob. 15. If the hypothenuse of a right angled triangle bo 
35, and the side of a square inscribed in it, in the same man- 
ner as the parallelogram BEDF, (Fig. 12,) be 12; what are 
the lengths of the other two sides of the triangle 1 
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Prob. 16. The number of feet in the perimeter of a right 
angled triangle, is equal to the number of square feet in the 
area 5 and the base is to the perpendicular as 4 to 3. Re- 
quired the length of each of the sides. 

Prob. 17. A grass plat 12 rods by 18, is surrounded by a 
gravel walk of uniform breadth, whose area is equal to that 
of the grass plat. What is the breadth of the gravel walk 1 

Prob. 18. The sidfc« of a rectangular field are in the ratio 
of 6 to 5 5 and one-sixth of the area is 125 square rods. 
What are the lengths of the sides 1 

Prob. 19. There is a right imgled triangle, the area of 
which is to the area of a given parallelogram as 5 to 8. The 
shorter side of each is 60 rods, and tL^ other side of the tri- 
angle adjacent to the right angle, is equal to the diagonal of 
the parallelogram. Required the area of each. 

Prob. 20. There are two rectangular vats, the greater of 
which contains 20 cubic feet more than the other. Their 
capacities are in the ratio of 4 to 5 3 and their bases are 
squares, a side of each of which is equal to the depth of the 
other vat. Required the depth of each 1 

Prob. 21. Given the lengths of three perpendiculars, drawn 
from a certain point in an equilateral triangle, to the three 
sides, to find the lengths of the sides. 

Prob. 22. A square public green is surrounded by a street 
of uniform breadth. The side of the square is 3 rods less 
than 9 times the breadth of the street ; and the number of 
square rqds in the street, exceeds the number of rods in the 
perimeter of the square by 228. What is the area of the 
square 1 

Prob. 23. Given the lengths of two lines drawn from the 
acute ^jigles of a right angled triangle, to the middle of the 
opposite sides: to find the lengths of the sides. 
21* 
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1. What two numbers are those whose difference is 10 j 
and if 15 be added to their sum, the amount will be 43 1 

2. There are two numbers whose difference is 14 ; and if 
9 times the less be subtracted fr*m 6 times the greater, the 
remainder will be 33." What^re the numbers 1 

3. What nuQiber is that to which if 20 be added, and from 
^ of this sum, 12 be subtracted, the remainder will be 10 1 

4«. What number is that, ^, ^ and ^ of which being added 
together will make 73 1 

5. A and B iay out equal sums of money in trade ; A gains 
;ei20, and B loses JC80 ; and now A's money is triple that of 
B. What sum had each at first 1 

6. What number is that, ^ of which exceeds J by 72 1 

7. There are two numbers whose sum is 37 j and if 3 times 
the less be subtracted from 4 times the greater, and the re- 
mainder be divided by 6, the quotient will be 6. What are 
the numbers 1 

8. A man has two children, to J of the sum of whose agea 
if 13 be added, the amount will be 17 ; but if from half the 
difference of their ages 1 be subtracted, the remainder will 
be 2. What is the age of each 1 

9. A messenger beiag sent on business, goes at the rate of 
6 miles an hour ; 8 hours afterwards, another is dispatched 
with countermanding orders, and goes at the rate of 10 miles 
an hour. How long will it take the latter to overtake the 
former 1 
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10. To find two numbers in the proportion of 2 to 3 whose 
product shall be 54*. 

11. A ttian agreed to give a laborer 12^. a day for every- 
day he worktd^ but for cvftry day he was idle he should for- 
feit 8*. After 390 days they settled, and their account was 
even. How many days did he work 1 

12. To find a number to the sum of whose digits if 7 be" 
added, the result will be 3 times the left hand digit ; and if 
from the number itself 18 be taken, the digits will be inverted. 

13. A merchant has two kinds of tea, one of which is worth 
9* 6d, per pound, the other 13^. 6d, How many pounds of 
each must he take to form a chest of 104 lbs. which will be 
worth je561 

14. To find a number consisting of two digits, the sum of 
which is 5 ; and if 9 be added to the number itself, the digits 
will be inverted. 

15. There is a certain fraction such, that if you add 1 to 
its numerator, it becomes ^ ; but if you add 3 to its denomi- 
nator^ it becomes^. Bequired the fraction. 

16^ Out of a cask of water, which had leaked away one- 
feixth, 42 gallons were drawn, and then being gauged, it was 
found to be half full. How many gallons did it hold % 

17. It is required to find two numbers whose difference is 
7, and their sum 33. 

18. At a town meeting 375 votes were cast, and the per- 
son elected to office had a majority of 91. How many votes 
had each candidate % 

19. A post stands J in the ground, ^ in the water, and 10 
feet above the water. What is the whole length of it 1 

. 20. A young man the first day after his arrival at New 
York, spent i of fais money, the second day ^, the third day 
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}, and he then had only 26 dollars left. How much did he 
have at first 1 

21. A person being asked his age, answered that f of his 
age multiplied by ^ of his age, would give a prcMluct equal 
to his age. How many years old was he 1 

22. A man leased a house for 99 years ; and being asked 
how much of the time had expired, replied that two thirds 
of the time past was equal to four fifths of the time to come. 
How many years had expired 1 

23. On commencing the study of his profession, a man 
found that ^ of his life had been spent before he learned his 
letters, ^ at a public school, ^ at an academy, and 4 years at 
college. How old was he 1 

24. It is required to find a number such, that whether it 
be divided into two, or three et^ual parts, the product of its 
parts will be equal. 

25. Two persons, 154 miles apart, set out at the same time 
to meet each other, one travelling at the rate of 3 miles in 2 
hours, the other 5 miles in 4 hours. How long before they 
meet 1 

26. A man and his wife usually drank a cask of beer in 12 
days, but when the man was absent, it lasted the lady 30 
days. How long would it last the man, if his wife were 
absent 1 

27. A shepherd being asked how many sheep he had, re- 
plied if he had as many more, half as many more, and 7^ 
sheep, he would then have 500. How many had he 1 

28. A farmer hired two men to do a job of work for him ; 
one could do the work in 10 days, the other in 15. How 
long would it take both together to do the same worki 

29. A scaffold of hay will keep 5 horses or 7 oxen, 87 days. 
How long will it keep 2 horses and 3 oxen 1 
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30. A and B together can build a boat in 20 days ; with the 
assistance of G, they can do it in 12 days How long would 
it take C to build the boat 1 

31. There is a cistern with two aqueducts ; one will fill it 
in 30 minutes, the other will empty it in 40. How long will 
it take to fill it, if both run together 1 

32. Required to divide 1 shilling into pence and farthings 
in such a proportion that there may be 39 pieces. 

33. A man divided a small sum of money among his chil- 
dren in the following manner, viz. to the first he gave ^ of 
the whole +4 pence, to the second ^ of the remainder +8 
pence, to the third ^ of the remainder + 12 pence, ai^d so on, 
giving to all an equal sum till he had distributed the whole. 
Required the number of shares and the sum distributed. 

34. A hare has 50 leaps the start of a hound, and takes 4 
leaps while the hound takes 3 ; but 2 leaps of the hound are 
equal to 3 of the hare. How many leaps will the hound take 
in catching the hare 1 

35. A cistern holding 43 gallons, is to be filled in 12 
minutes by 2 pipes running alternately. The first runs 4 gal- 
lons a minute, and the second 3 gallons a minute. How long 
did each run 1 

36. A and B start at the same time and place to go round 
an island 600 miles in circumference. A goes 30 miles a 
day, and B 20. How long before they will both be at the 
starting point together, and how far will each have travelled 1 

37. A has JBIOO, B £48. A robber takes twice as much 
from A aa from B. A now has 3 limes as much as B. What 
was taken from each ? 

38;.Itis required to divide 1200 dols. between A, B and 
C ; B has 256-}-^ of A's share ; C has 270-hi of B's. What 
was the share of each % 
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39. There are 3 pieces of cloth of different yalae. The 
average price of the first and second is 7 dols. per yard, that 
of the second and third is 9 dols., and the average price of 
all is f of the third. What are the several prices 1 

40. A pipe will fill a cistern in 11 hours. After running 
5 hours another is opened, and then the two fill it in 2 hours. 
In what time would the last fill it 1 

41. A man bought a cask of wine, and } of it leaking out, 
he sold the rest at $2.50 per gallon and neither gained nor 
lost by his bargain. What did he give per gallon for his wine 1 

42. A and B start at the uwcns tiniA and in the same direc- 
tion, but directly opposite each other, to go round a circular 
pond 536 yards in circumference i A goes 11 yards a minute 
and B 34 in 3 minutes. In how long time will B overtake A 1 

43. A pipe fills ■}• of a cistern in 1 hour ; 2 hours after an* 
other is opened and would have hastened the filling of it 1 
hour ; but 2 hours after, a third begins to discharge, and 
the cistern is finally filled in the time the first would have 
filled it. Kequired the time of the second in filling it, or the 
third in emjjtying itl 

44. A young man commencing business with a determina- 
tion to become rich, supported himself for $500 a year, and 
at the close of every year increased his property by a third 
part of what remained after his expenses were deducted. 
In five years he was worth $104,400. What was his origi- 
nal stock 1 

45. At noon the hour and minute hand of a clock are to- 
gether. How soon will they be together again 1 

46. A gentleman bought 5 bushels of wheat and 6 of corn 
for 27^. ; he afterwards bought 4 bushels of wheat and 3 of 
corn for 18^. What did he pay per bushel for eaeh ? 
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47. A farmer hired 4 men and 8 boys for a week, and paid 
them $40 j the next week he hired 7 men and 6 boys for 
$50. How much did he pay each by the week 1 

48. Divide 72 into four such parts that the first increased 
by 5, the second diminished by 5, the third multiplied by 5, 
and the fourth divided by 5, the sum, difierence, product and 
quotient, will be equal 1 

49. A and B can print a certain work in 8 days, A and C 
in 9 days, 6 and C in 10 days. How long would it take each 
one alone to do the work 1 

50. Three boys were playing marbles 5 the first game, A 
loses to B and C, as many as/each of them had at the begin- 
ning ; next, B loses to A and C, as many ns each of them 
bad at the end of the first game ; last, C loses to A and 
B, as many as each of them had at the end of the second 
game. Each then had 1^ marbles. How many had each at 
first 1 

51. It is required to find two numbers whose product sliall 
be 54, and the difference of their squares 45. 

52. Required the side of a rectangular field which contains 
1584 square rods, and its length exceeds its breadth by 8 rods. 

53. The united ages of a man and his wife were 42 years, 
and the product of their ages 432. What was the age of 
eachi 

54. A single lady being asked her age, considered the 
question impertinent and gave an evasive answer, saying; " if 
you take 4 years from my age, and extract the square root 
of the remainder, and multiply the root by 4, and add 4 to 
the product, the sum will be 24." What was her age % 

55. A peach orchard which contained 900 trees was so 
planted, that there were 11 rows more than there were trees 
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in a row. How many rows were there, and how many trees 
in each row 1 

56 . A man purchased a tract of land m a square form, 
which contained as many acres as there were rails in the 
fence hy which it was enclosed j the rails were 11 feet long 
and the fence was 4 rails high. How many acres did the 
tract contain 1 

57. A man bought 80 pounds of pepper and 36 pounds of 
saffron, so that for 8 crowns he had 14 pounds of pepper 
more than of saffron for *J6 crowns ; and the amount he laid 
out was 188 crowns. How many pounds of pejpper did he 
buy for 8 crowns 1 

58. It is required to find four numbers in arithmetical pro- 
gression such, that the product of the extremes shall be 4.% 

,and the product of the means 77. 

59. It is required to find three numbers in geometrical 
progression such, that their sum shall be 14, and the sum of 
their squares 84. 

60. The hypothenuse of a right angled triangle is 13 feet, 
and the differenee between the other two sides is 7. Re- 
quired the sides. 

61. The perpendicular of a plane triangle is 300 feet ; the 
sum of two of the sides is 1155 feet, and the difference of the 
segments of the base is 495 feet. Required the base and the 
sides. 

62. In a plane triangle the base is 50 feet, the area 600 
feet, and the difference of the sides is 10 feet. Required the 
sides and perpendicular. 

THE END. 
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